MiHicTepcTBO OCBITH 1 HAYKH YKpaiHu
KwuiBcbkuit Micbkuii megaroriuauii yHiBepcuteT imeHi b.J]. I'pinuenka
KuiBchkuii HanioHansHUH yHIBepcuTeT iMeHi Tapaca [lleBuenka

III eran BeeykpaiHCcbKOl
oJIiMIiaay 3 MaTeMaTHKH

LXXV KuiBcbka MicbKa oJIiMITiaza
IOHUX MATEMATHKIB

Ymoeu ma exaziexu 0o po3é’azanv 3a0au

1 myp

19 ciunsa 2020 poxy

" PisHuys misxc Hesoauero ma yCnixom € y momy,
w06 3poboumu wocw "matidice 8ipno” ma "abconomno 8iproio"”
Eosapo Cimmons



7 KJ1ac

1. Buaiinite yci mapu (M, N) HaTypalbHUX YKCE, AKi 33J0OBOJBHSIIOTH PIBHICTD

m*® +23mn + n!= 2020,
ne uepe3 N ! mo3HaueHuit JOOYTOK ycCixX HaTypalbHUX yucen Big 1 mo n.

Bionosion: (2, 6).

Poss’azanns. Tipu M >3 m*® >3'° > 37 = 2187 > 2020 i sanana pisnicts He crpasmkyersest. Tomy
it M e aBa MmosximBi 3HaueHHs: M =1 a6o M=2.

Sxmo M =1, to pisnicts nadysae puraamy 23N+ N1=2019. Ockinsku 71=5040 > 2019, o N <6.
Jma N<6 23n+n!<138+ 720 < 2019, i B oMy BuNaaKy IIyKaHUX Map YKMCEN HE iCHYE.

Sxkmo M =2, 1o piBuicts Habysae Burmany 46N+ N!'=996. 3uoBy maemo, mo N<6. Jlna N=6
46N +n!1=276+720=996, ymoBy 3anosonbHsie. 3po3yMino, 10 NMpM MEHIIUX 3HaueHHAX N JiBa
YacTHHA MIPUIIMae MEHIII 3HaUeHHs 1 OUIbIIE IIyKaHUX Map HE ICHYE.

2. Bika 3aragama cioo 3 20 OykB, koxkHa 3 sAkux € A un B. Onekciii Hamaraerbcsi HOro
BU3HAYMUTH. 32 OJIHE 3alUTAHHS BIH MOXE J13HATUCS TaKy 1HQOpPMAIIIIO PO JEKUIbKa JITep,
10 WIyTh IMOCILIb: IKUX cepell HuX Oiabine — A uu B, sKkmio iX mopiBHY, To Bika moxe
Ha3BaTH Oyab-SKy 3 JBOX JITEp. 3a $Ky HaWMEHIy KUIbKICTh 3anmuTaHb Omekciid
rapaHTOBAaHO 3MOYKE MTOBHICTIO BU3HAYUTH CJIOBO, 1110 3aaymaina Bika?

Bionosgios: 3a 20 .

Po36’azanna. Sk sragatu cnoso 3a 20 XomiB — 04eBMIHO, JOCTATHHEO IPOCTO MEPENMTATH MPO KOKHY
OYKBY OKpEMO.

[Tokaxemo, M0 MEHIIOI KUTBKICTIO 3amHTaHb 00iiTHCS He MOxHA. [lpumycTumo, 1o BiH ymopaBcs He
6inpmre Hik 3a 19 3anurans. Hexait, Hampukiaj, Bika 3arajana clioBo, IO CKIaJa€ThCS 3 20 mitep A.
3po3ymino Tozi, mo Bika koxHOro pasy Bianosigana, mo 6yks A 6imbme. Ockinbku nurans Menme 20, To
ICHy€e TIo3ullisl, IPo sIKy okpeMo Onekciii He mepenuTyBaB. Hexail nie mosutist t. Toxi posrisiHemMo 1mie i
CII0BO, B KoMy yci sitepu A, a Ha mosuuii t crostume B. HeBaxkko 3posymiru, mo Bika Ha KoxHe
3aMUTaHHA A7 000X IIUX CJiB MOTJa BiAnmoBiAatu ogHakoBo. Omke, Onekciii He 3MoXke BKa3aTH, SKe 3 IHUX
JIBOX CIiB 3arajaia Bika

3. Bimomo, 1o koMaHja miciust X irop B 4yeMITioHaTi Mana piBHO N% mepemor, ae N — 1ijie
yucno. [lpu sxkomy HaliMeHIIOMY X MOTIJIO TaK CTaTHICH, IO Mmicis X+1 rpw B Hei cTano
pisao (n+1)% mnepemor?

(Pybavos bozoan)

Bionosion: X =24.
Po36’a3annsa. 3 yMOB 3a/1aui BUILIMBAE, IO HA MOMEHT Micns X irop KoMaHja Majia Y MepeMor, PH oMY
y y+1 n+1

~— = —— . Toxi Mae BUKOHYBAaTHUCS TaKe CIiBB1IHOIICHHS:

x 100 x+1 100

3 mepioi mponopIiii MaeMo, 1o 100y = NX, npu upomy NX mae ginutucs vanino na 100 .
3 npyroi nponopuii matumemo, mo 100y +100=nX+XxX+n+1 =
100=x+n+1.
3Bincn 3posymino, mo X =100—n—1<98. Kpim toro, N=100—X—-1 = xn=100x—x* —X.

3gincu Bummusae, mo Ha 100 mae pinurucs Bupas X2 4+ X. Ockinbku X° + X = X(X+1) ta uncna X i
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X+1 B3aemuo npocri i menmi 3a 100, To omne 3 mux umcen mae xpinutucs Ha 4, a imme — ma 25.
OueBn HO, O HaiiMeHmIe 3 mux yncen — e X = 24. Toxi nocnigosHo 3Haxoaumo, mo N =75 ta y =18.
18 y+1 19

Hepaxxko nepesiputu, mo — = — = (5% ta — =76%.
24 x+1 25

4. 3amanuii kBaapat ABCD 3i ctoponoro 10. Ha B
croponax BC Tta AD mnporo kBaapary BuOpaHi /
BiamoBigHO Toukn E Ta F TakuMm umHOM, 110 )
yTBOpHuBCcs TnpsaMokyTHUK ABEF. IlpsMokyTHuk [
KLMN posramoBanuii TaKuM 4YWHOM, IO HOTO / :
Bepmman K, L, M ta N nexarp mo omHiid Ha ;o
Bimpiskax CD, DF, FE ta EC BignmosigHo. / I
Bussunocs, mo npamokytauku ABEF ta KLMN / :
piBHi, ipu oMy AB = MN. 3HaligiTh TOBXKUHY / o

|

4§

BiJIpi3ky AL. /

Bionogion: 5. /
Po3ze’azannsa. Tposenemo niaronani AE ta LN pisanx > D
npsimokytaukie  ABEF ta KLMN . 3posymino, mo L Puc. 1 X
AE = LN . Onycrumo nepnenguxynsp NX na cropony -
AD (puc.1). Tomi 3posymino, mo NX =AB=10. Tomi AAEF =ANXL, sx npamoxyrui 3
OHAKOBMMH TimoTeny3amu Ta kateramu. Tomy AF =LX. Temep mposememo LY L BC, tonui
npamokytHuk  LXNY  pipauit npamoxyrmukam ABEF ta KLMN. Tomi ALNY =ANXL sk
NPSMOKYTHI 3 pIBHUMH TIOTEHY3aMH Ta KaTe€TaMH. 3BiJCH

ZMNE = ZLNY — ZLNM = ZNLX — ZNLK = ZKLD,
toni AMNE = AKLD sk npsmokyTHi 3 piBHUME TilOTEHy3aMK Ta TOCTPUMH KyTaMH.
Tenep orpumamy, mo LD = NE = BY = AL, 3pinku L — cepenuna sinpisky AD, tomy AL =5.

3.1. CKinbKH Pi3HAX IPOCTHX AinbHUKIB Mae ancio 11° +117 1322

Bionogios: [ pisHUX NPOCTUX MiNBHUKIB.
Po3¢’azanna. 3poOMMO TaKi NEPETBOPEHHS:

118 +117 —132=11° - (11% +11) -132 =11° -132-132 =132- (11° -1)..
Ocxkimpin 132 =11-12 = 22 -3-11, 10 BoHO Mae Tpu npocri gineHnKK 2, 3, 11.
11° -1=(12° -1)(11® -1) = (11-D(AL* +11+ D1+ D (A1* -11+1) =

=10-133-12-111=2%-3%.5.7-19-37
Tyt maemo 1me Taki npocri ginsauku S, 7,19, 37.

4.1. Y gotupukytauky ABCD croponu AB 1 BC
piBHi. Touka E nHa npswmiit AB Taka, mo BD =BE
Ta AD 1 DE. JloBeniTh, 10 cepearHH1
neprneHaukynsapu a0 Bigpiskie AD, CD ta CE
NEePETUHAIOTHCA B OJHIN TOYII. S -

Poze¢’azanna. Ockxinbku ABDE - pismoGempennit 3 E
ociooro DE, 10 ZBDE =_/BED<90°. Ockinekn
ZAED <90°, 1o toukun B Ta E nexars mo omun 6ik Big
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toukn E. Kpim toro ZBED <90° = ZADE, 1o Touka B nexwurs ma simpisky AE (puc. 2). Hani
MaeMo, 110

/BAD=/ZEAD=180°- ZADE — ZAED =
=90° - ZBED =90° - ZBDE = ZADE — ZBDE = ZBDA.
Takum unaom ABAD — pisroGenpenuit 3 ocnosoro AD. Toxi BA=BD. Ane toxi 3 ymos 3angaui
BC =BA=BD = BE. 3sixcu 3 BnactuocTi cepeIMHHOTO IEpIEHAMKYIISAPA 10 OCHOBH PiBHOOEIPEHOIO
tpuxytuuka, Biapisku AD, CD rta CE npoxonsars uepes Touxy B, mio it Tpe6a 6yno moBectu.

& KJ1ac

1. 3HaliaiTh yci MOXKIIMBI HaTypaidbHI yncia N Taki, 1o MeHmi Hik 1% Big uucia 2020, a
yrciio N+1 ouremie Hik 1% Big unciaa 2019.

Bionoeios: 20 .

n 1 n+1
Po36’a3anna. 3anumeMo yMOBY 3a/1a4i TAKAM YHHOM: < < :
2020 100 2019
o : 10n 202 ' .
3 7iBOi HEPIBHOCTI MaTHMEMO, IO < , 3eigkn N < 20. Temep AKImIO MiACTABUTU B IIPaBy
20200 20200
o 21 1
nepiBricts N =20, To MaruMeMO 1O BOHA CIIPaBIKYETHCSL: >— < 2100> 2019, a ana
2019 100

n+l _ 20 - 20
2019 2019 2000 100

N <19 — ui, ockinbku . Taxum unHOM €nune mykane aucno N = 20,

2. Bacs BummicaB Bci ceMUIIUGPOBI Uncia, MO MICTATh KOXKHY

mudpy Bim 1 go 7 piBHO ommH pas. JloBemiTe, 1m0 >KOIHE 3

BUIIMCAHUX YHCEI HE IIJTUTHCS Ha KOJHE 1HIIE 3 UX YUCEIL.
(Tpueyb6 Aumon)

Po3¢’azanna. Ilpunyctumo, 10 OJIHE 3 IUX 4YUCENl A AUIUTHCS HAIlIo
Ha iHme, Hanpukaan, D, To6To, AMA mesxoro HaTypambHoro N >1
maemo @ = ND. Ockinpku uncna & ta D Marote octauy 1 npu ninenni
9, 10 uncno N Takox mae ocrauy 1 npu minenni 9. Ockinpku N #1,
1o N>10, Tomy B umcni & npuHaliMHi Ha ogHY KPPy OLIbIIE, HiX B
b, mo vemoxnuBo.

Puc. 3

3. HaszBemo xsasikeaopamom ¢irypy, IO CKIQJTAEThCA 3
KBaJpaTy NXN, 10 $KOi 30BHI TPHEIHAHO II€ OJUH
kBagpatik 1x1, mo Mae CHiTbHY CTOPOHY 3 OJHUM 3
KBaJIpAaTUKIB KBaJpaTy NXN, a TaKOX CIUIbHY BEPIIUHY 3
OJHUM 3 KYTOBHUX KBaI[paTI/II(iB KBaJpary nNxn. Tax Ha puc. 3
NB1 BepxH1 (IrypKu € KBa3iKBaJpaTaMu, a Bl HWKHI — Hi. J[s
SKUX N >3 MOKHA OJTHAKOBHUMH KBa3iKBaJpaTaMU 3alIOBHUTH
ycio momuHy? KBa3ikBajipaTd He MarOTh HAKJIQJaTUCS OJIUH
Ha IHILINAH, ajie X MOKHA TTOBEPTATH Ta MEPEropTaTH.
(Hixonaee Apceniii)

Bionosiow: nns ycix N> 3. Puc. 4
Po3¢’azannn. llpukiian 3amoBHEHHS TUIONIMHU TIOKa3aHWM Ha puc. 4,
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JUTSL BUNIAJIKY SIKIIO KBaApaTuk 1x1 Mae CiiibHY CTOPOHY 3 KYyTOBUM KBajapaToM. Ha puc. 5, K10 BiH Mae
CHUIbHY BEPIIUHY, ajle HE CTOPOHY, 3 KyTOBUM KBaJIpaTUKOM KBajapaTy NXN.

4. € n BuOpaHi MOMApHO pi3HI AOAAaTHI yKcaa. Bacs BumucaB Ha JOIIKY BC1 MOXKIJIMBI YHCIia

b .
BUTISIAY a+—, A€ a, b, C — pi3Hi yncna 3 BuOpanux. Yn 3aBKaM cepell BUMMCAHUX YHCEI
C

3HAWIYThCA ABA, IO BIAPI3HAIOTHCS HE OUIbIIE, HIK Y 2
pasu, Ko
a) n=47? 0) n=3?

(Tpuey6 Anmomn)

Bionoeios: a) 3apxau, 6) He 3aBXKIN.

Po3¢’azanna. a) lloxkaxemo, 1O A YOTUPHOX YHUCEN 3aBXKAU
3HAWAYThCS JIBa BUIMCAHI YMCIA, IO BIAPIZHSAIOTHCS HE OLIbIIE,
HiX B 2 pasu. Big cynpoTHBHOro, HpUITYCTUMO, LIO 1€ He TaK.
[osHaunmo  mHami umcna wepes a<b<c<d. Toni

b b b b b
d+2>c+2 = d+2>2(c+2) = d>2>1

3 inmoro GOKy, d+%>d+% = d+%>2(d+%) =

d< % < 1. Onepxana cynepednicTs 3aBepIIye T0BEICHHS.

6) Hapememo Temep nNpHKIAn I8 TPhOX YHCEI: a=10‘1, Puc. 5

b= 10_3 Ta C= 10_9. Toxl Ha moIIIl BUIIKMCAH1 TaKl YUCIA:

101 +10°% 101 +10°%, 102 +10%, 102 +10°®, 10™° +10%,10°° +102.

5. Jlano tpukyrauk ABC, O — nenrp omucanoro koja, M — cepeauna BC, W — touka
npyroro mepetuHy Oicektpucu kyta C 3 mum komowm. Ilpsima, mo mapanensna BC i1
npoxoauth uepe3 W, nepetunae AB B Toumi K Tak, mo BK = BO. 3naiigite Beauuuny
kyta WMB .

(Tpueyb6 Aumon)

Bionosios: 45°.
Po3¢’azanna. Hexail mpsma, 1m0 IPOXOIUTH
uepe3 Touky W mnapanensno AB, nmepernnac
npsmy BC B r1ouni T (puc. 6). Toni, KWTB
— Hapajenorpam i:

WT =BK=BO=WO.
IMomitumo Takox, mo WO L AB, 60 AABO
piBnoGeapennii, a CW — Gicextpuca Z/BCA,
tomy ZOWT =90°. Takox, oueBnmHO,
Z0OMT =90°, romy OWTM — Brucanwmii 3
niametpom OT . Toni, ockineku WT =WO
o MW — Gicekrpuca ZOMT, s3Bigku Puc. 6
ZWMT =45°,

4.1. 3HaiiiTh yC1 HATYpaIbHI YKcia M Ta N, sKi 33J0BOJBHSAIOTH PIBHICTS!
(m+n)!=2mkn!,
ne uepes K! mist HatypansHOro uncia K mosnadenuit ;o6ytok 1-2-...-K.



Bionogion: m=n=1.
Po3e¢’azanns. bes 06MexeHHs 3aralbHOCTI BBaXKaTumemo, o M > N. Toxi npu N >1 ckoporumo 3amany
PIBHICTh TAKUM YHHOM:

1.2.3-..m-(Mm+)-(M+2)-...(m+n)=2-1.2-3-....m-1.2-3-....n =
(m+)-(m+2)-....(m+n)=2-1-2-3-...-n.
VY niBid YaCTUHI yC1 MHOYKHUKH HE MEHIIIE HIXK Y TIPaBiH, SKIIO iX 3alMCaTH TAKUM YUHOM:
m+1>1, m+2>2,..,m+n-1>n-1 m+n=2n.
Ockinbkn MHOKHMK M+ 1 3apxau icaye Ta M+1>1, to piBnicts He Bukonyerses. [Ipu N =1 pisnicTs
(m+21)!=2m! ukonyerscs mumre mpu M+1=2. Omxe

enuHuii poss'aszok M=N=1.

5.1. Hexait ABCDEF — Bnucanuii y KoJio
mecTukyTHUK, y sikoro AB=BC, CD=DE Ta
EF =FA. Hosexnits, mo mpsmi AD, BE Ta CF

MEPETUHAIOTHCA B OJHIN TOYUIII.

Po3g’azanna. 3 pisaocti AB=BC wmaemo, mpo
ZAEB=/BEC, to EB - 6icexrpuca AACE, te came

moxHa ckazatu npo AD ta CF (puc. 7). 3pincu Bumnupae,
1110 BOHM [EPETUHAIOTLCS B OfHi TOUII.

0 kjac

. . . ) a b
1. ToBeniTh, IO HE iCHYE Pi3HUX HATYpaJIbHHUX YUCEN & 1 D, IS sIKux E +3—¢7=0.

Tym uepes {X} NO3HAYEHA PIZHUYS MIdC YUciomM X ma HAUOIIbWUM YITUM YUCIOM, Wo He nepesuwye X,

anpuesad, {1 }=2, {22} =0 ma {22}=1.

Po3é’azanna. Ilpunyctumo, 1o Taki yuciaa a ta b ICHYI0Tb. be3 oOMekeHHsI 3araJlbHOCTI PO3IIIAAY MOXKHA
2 2
. . a b a°+b .
BBA)KaTH, 1110 BOHU B3a€EMHO IMPOCTi. 3 YMOBHU 3a/ladl BUIUIUBAE, 110 YUCIO — + — = ——— — Lije. AJe
a ab
. 2 2 . . . . 2 2 .o
Tozi uncno @° +0° mae ginutuca ina @,inma b. Ane toni b :a Ta a” : b, mo CynepeunTh B3a€EMHIN

rpocToTi yncen a Ta b.

2. 3amane aesike npocte unciao P > 2. [lo komy croste N moaei, KOXKHHUM 3 SIKUX 3aJyMaB

Jiesike HaTypaJibHEe YMCIIOo, a Jlajdl Ha CBOEMY IMAMiplli HAMKMCAaB OCTauyy BiJl JIJICHHS CBOTO
yucia Ha P. Jlami KOXXKHUN TOAMBUBCS HA 3alMCaHe Ha Mamipill 4YMUCIO CycClga CIpasa,

PO3MIISIHYB I00YTOK CBOTO 3alMCAHOIO YUCia Ta MIATJASHYTOrO YMCia CyCiia Ta HA CBOEMY
nanipii HamMcaB Apyre Yucio, 110 JOPIBHIOE OCTayl Bij JiJ€HHS 00YMCIEHOro J0OyTKY Ha
p. Slke MmakcuMaabHe 3HaYeHHsI Moxe mpuitMatu N, SKII0 YCi Meplii Yyuciaa B ycixX Jroaei

pi3Hi, a KpIM TOTO y KO’KHOTO Ha MaIMipIli 3alKicani JIBa pi3HUX Yucia?
(Tepvowurn Onexcanop)

Bionogios: N = p—2.
Po3é’azanns. 3po3ymisio, O yCbOro Pi3HUX YHMCedT MOXe OyTH 3amucaHe He Ouibiue P . Buxogsuu 3 ymoB

3a/1a4i, He MOKe OyTH 3amucaHuM Ha nepuomy kpoui uncno O, 60 iHakmie 1 Jr0AMHA 3HOBY HOTO 3aIuIie,
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a Takoxk umcio 1, 60 Tomdi Cycia 37iBa HOBTOPMTH cBoe umcio. Ilokaxemo, mo it N =P —2 uucna
MOKYTh OyTH 3alHCaHUMHU.
JlificHo Hexail Mo KOJy 3jiBa HalpaBoO 3alMUCYIOTh MOCIIIOBHI YHCIa 2,3 4, ... p —1. Vci Bonn pi3Hi.

Tenep npunycTUMO, 10 CHiBHANY ABA YKCIa Y oAHiel moxunu. ko ne moauna cepen nepmux N —1, to
e osnauae, mo no6yrox K(K+1), ne 2<Kk < p—2, nBox cycimmix umcen mae Ty camy ocrady Ipu
ninenni Ha P, mwo i uncao K. Ane Toxi ixus pisHuus gimutees Ha P, To6To K(K +1) —K = k?, ninutees
HaIlino Ha mpocTe uucio P, TomyK : P, mo He MoxmmBo. Sximo e moauna 3 Homepom N, To umcio
Pp—1 mae mHOXMTHCS Ha 2, ane 3HOBY umcna 6yayTs pisaumu, 60 2(P—1)—(p-1)=p—1 ne

JIUIAThCSI HA . — —

3. Hazsemo «keaszixeaopamom  dirypy, 1m0
CKIIAa€eThCs 3 KBaapaty NxN, N>4, no sxoi
30BHI MPUEIHAHO IIe OOUH KBaapaTuk 1x1, mo
Ma€ CIUJIbHY CTOPOHY 3 OJHHM 3 KBaJparTiB Puc. 8
kBajapary Nxn. Tak Ha puc. 8 a8 nepii Girypku T
€ KBa3iKBajpaTaMu, TPeTs — Hi. UM 3aBKIM MOXKHA TaKUMH OJTHAKOBUMH
KBa3ikBaJpaTaMH TOKPUTH YyCIO IutommHy? KBasikBagpatn HE MaroTh
HaKJIaJaTUCS OJIWH Ha 1HIUH, aJie iX MOKHA ITOBEPTATH Ta IIEPErOpTaTH.
(Hixonaee Apceniii)

Bionogionb: Tak, KO KBagpaTHK 1x1 mae cnimbHMi KYT 3 KyTOBUM
KBaJIPATHKOM, Hi — IHaKIIIE.

Po36’a3anna. Ilpuknan 3an0BHEHHS IUIOLIMHY y 3aaa4i 8.3.
[Tokaxemo, 1m0 Mpu MpueIHaHHI KBagpary 1x1 B iHIIE MiCIe BCIO
IUIOIMHY TMOKPUTH HEMOXJHMBO. Po3riisHeMo oaHy Taky o¢irypy
(puc. 9). Toxi XOBTY KIITHHY MOXHa TOKPUTH OIHHM 3 JBOX Puc. 9 Puc. 10
croco0iB. Skmo 11 3akpuBae momaHa a0 kBampary N XN xmithHKa -
(puc. 10), To MOKPUTH YOPHY KIITHHKY BK€ HEMOXIIMBO. SIKIIO JKOBTY KJIITHHKY 3aKpHBA€ OJHA 3 KIITHH
kBagpaty NXN, To me Moxe OyTH JHIIe OAHA 3 KYTOBHX KJIITHH I[bOTO KBajpaTy. AJyie TOJI NOKPUTH
OJIHOYACHO OOM/IBI YOPHI KJIITHHKH BXKe HE MOXKIUBO (puc. 11).

4. Hexait Touka D nexuts Ha my3i AC ommcaHoro xoja TPUKyTHHKa
ABC (AB < BC), o He mictuts Touky B. Ha ctoponi AC BuGpani
noBitbHA TOouka X Ta Touka X', mus sxkoi LABX = /CBX'.
JToBeiTh, MO HE3AICHKHO BiJ BUOOPY TOYKH X , KOJIO, SIKE€ OIHMCAHE
HaBkojio ADXX', mpoxomuTh uyepe3 (hikcoBaHy TOUKY, IO BiaMiHHA
Big Touku D.

(Hixonaee Apceniti)

Po3e’azannsn. Hexait W — ommcane xomo AABC, W — koo omnucane HaBKoJIO
ABXX' ta V — komno ommcane HaBkono ADXX'. TIposenemo notnuny TB 1o

kona W , ne rouka T na npamiit AC. Toni TB2=TA-TC , Takox (puc. 12)
/TBX = /TBA+ ZABX = ZACB = /X'BC+ ZBX'A.

Tomy npama X BoaHouac € n0THYHOIO 70 Kona W, ToMy TB2=TX -TX"'. Hexait WNV=F 2D,
Tomi TX -TX'=TF-TD =TB?. Ockimeku T , Bra D — ¢pixcosani Touku, o i Touka W (1 TD =F —

¢ikcoBaHa.

Puc. 11



5. JIast moJaTHHUX ducel @, b, C moBemiTh HEPIBHICTS:

3 3 3 2 2 2
a’+b’+c a“+b+c
—+629. ——.

abc ab+bc +ca

(Mumpoganoe Baoum)

Puc. 12

Po3é’azanna. Binnivemo 9 Bim 060X CTOpiH MOYAaTKOBOi HEPIBHOCTI Ta CKOPHCTAEMOCS BiJOMOKO
TOTOXHICTIO

a®+b®+c®—3abc=(a+b+c)@*+b*+c*—ab—bc—ca).
Jani 3po6uMo Taki piBHOCHIIbHI IEPETBOPEHHS:
3 3 3 2 2 2
a’+b’+c a“+b°+c
YT 3»9.2 7 T~

-3 -9 <
abc ab+bc+ca
2 2 2 2 2 2
(a+b+c)(@ +b“+c —ab—bc—ca)+3abc_329.a +b“+c 9
abc ab+bc+ca
(a+b+c)(a2+b2+c2—ab—bc—ca)+3abc—3abc>9(a2+b2+c2—ab—bc—ca)
abc a ab+bc+ca
(@a+b+c)(@® +b*+c® —ab—bc—ca) _ 9(a* +b* +c* —ab—bc—ca)
abc a ab-+bc+ca
(a2+b2+02—ab—bc—c:a)((a+b+c:)(ab+bc:+ca)—9abc)>O
abc(ab +bc +ca) o

OcTtaHHS HEPIBHICTH CIIPAB/KYETHCS, OCKITBKU

a’+b?+c*—ab—bc—ca>0 ta (a+b+c)(ab+bc+ca)—9abc>0.
3 HEpIBHOCTI TPbOX KBAJPaTiB:



(a—b)®’+(b-c)’+(c-a)’ >0 < a’+b*+c*>ab+bc+ca <
(a+b+c)*>3(@b+bc+ca) = (a+b+c)®>3%@@b+bc+ca)®>27-27(abc)® =
(a+b+c)® > 27abc.
A tacox (3 (X +y +2))° > xyz = (ab+bc +ca)® > 27a’b’c?.
To6to (a+b+c)3(ab+bc+ca)® > (9abc)®. 2

4.1. Ha xom BuOpani toukun A, B, C, D Takum

guHoM, mo AB=BC =CD. bicektpucu ZABD
ta /ACD mneperuHaroTbes y Toulli E. 3HaWmiTh
Z/ABC, sixmmo Bimomo, mo AE||CD.

Bionosion: /ABC =3-180°.

Posze’azanna.  Ockinbku AABC = ADCB AK
piBHOOEIpPEHI 3 OJHAKOBMM KyTOM X TpU OCHOBI Ta
piBHuMu Giunumu  croponamu (puc. 13). ABCD -
BIIMCAaHA PIBHOOIYHA Tpariemis. 3Biicu
ZABC=~/BCD =180°-2Xx =
/ABD=~/ACD =180°-3x =

/EBC = ZECB =90° —%X ta /BEC = X.
Takum unHOM E manexuts Tomy camomy kxomny, mo i Toukn A, B, C, D . Kpim Toro

ZADC = ZADB+ /BDC = ZACB + £/BDC = X+ X =2X ta ZECD =1 ZACD =90°—-3x.

Ockimeku  AE||CD, 1o sunucanmii wormpuxyrmuk ACDE - piBuoGiusa Tpamenis, Tomy

ZADC = ZECD ra 7x=180° = ZABC=2-180°.

5.1. Jlns moBinbHUX AificHUX ymcen a, b, C>1 moBeniTh HEPIBHICTH:
3abc+a+b+c>2(ab+bc+ca).
3a AKMX yMOB B Iif HEPIBHOCTI MOKJIMBA PIBHICTH?

Bionosios: piBHiCTH MOXKIIMBA KOJIM NPUHANMHI JIBi 3 TphoX 3MiHEHX &, D, C nopiemrooTs 1.
Po36’sa3anna. Buznaunmo HeBig'emHi uncna X =a—1, y= b—1 ta z=c—1. Toxi 3anana HEPIBHICTh
nepenuuIeThes Ak IXYZ + XY + YZ + 2X > 0, mo cipasmxyeThes, 60 yci 101aHKH TiBOPYY — HEBiT €MHI.

B ocTaHHBOMY CHiBBiJHONIEHHI PiBHICTH MOMUIMBA JIMIIE, SKIIO KOXHMM nomnanok gopieHoe O, a ne
MO’KIJIMBO TOJIi 1 TUIBKH TOJI, KOJIM IPMHAMHI JIB1 3 TphoX 3MiHHUX X, Y, Z mopisrrorots 0.

10 knac

1. Yu icHylOTh TMONApHO pIi3HI HaTypajbHi yucia a, b Ta C, g SKUX

{{%} + {9} + {E}} =07? JIpobu He 000B'I3KO0BO MalOTh OYTH HECKOPOTHUMHU.
C a

Tym uepes {X} NO3HAYEHA PI3HUYS MIdC YUCIioM X ma HAUOIIbWUM Yilum YUuciom, wo He nepesuuyye X,
HanpuKaao, {% }2 %, {—2%19 }2 0 ma {—2%20 }= %

Bionoegion: Tax.
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Po3é’azanna. Jlxepenom JUIs MOMIYKY NMPHUKJIALY € PIBHICTS: % + % +

ol

=1. OueBuaHO, O HECKOPOTHUMHU
Ipobu OyTH HE MOXKYTh, TOMY BUOHPAEMO {1—22}2{%}2%. Haui {%}2{%}2% Ta {%}2% Toni
(B g =1 {t}=0.

[Hmmit npukiiag 6a3yeThCst Ha PiIBHOCTI % + % +0=1= {% }+ {% }+ {% }: 1.

2. loBenith, mo cepen gucen 1, 2, ...,10000 moxHa BuOpatu 7 uumcen, sKi He

€ KBaJApaTaM HAaTypaJbHUX YHUCCII, TaK, H106 HC MOJXXHAa 6y.]'[0 3 OHUX [ uyucen

BUOpaTH JIeKiIbKa, CyMa SKUX OyJia O KBaApaToM HaTypaJbHOI'O YHCIA. Puc. 14
(Hixonaee Apceniti)
Pose’szanns. Posrmsnemo taxi 7 wncen 27, 2°, ..., 213 =8192 <10000. 3posymiro, mo npu BuGopi

Oyb-AKOi KIIBKOCTI 3 MX 4HceN iXHA cyMa Oy/e JiTMTHCS HAa MaKCUMAlbHMIA CTENiHb uncia 2, y SKOro
NOKa3HUK CTEereHs Oy/e HeMapHuM YHCIIOM, a TOMY KBaJIpaToM OyTH HE MOXe.

3. Un MOXHa HENMapHOK KUIBKICTIO L -TeTpamiHO 1 JESIKOI0 KUIBKICTIO MPSIMHUX TETPAMIiHO
(puc. 14) 3amMoCTUTH JesKUN TPAMOKYTHUK? TeTpamMiHO HE MOXYTh BHUXOJUTH 3a MEXI
NPSIMOKYTHHKA, KOXKHA KIITUHKA MPSIMOKYTHUKA Ma€ OyTH MOKPUTA PIBHO OJHUM TETPAMIHO.

(Typresuu Edsapo)

Bionogios: He MoxHa.

Po36’sazanna. 11nona npsMOKyTHHUKA TOBUHHA OyTH KpaTHAa YOTHPHOM, TOMY
KUTBKICTh BEpTUKAIEH a00 KUTBKICTh TOPU30HTAJICH MPSIMOKYTHHKA Ma€ OyTH
napHuM uncioM. Hexail nie Oyae kinbkicTh BepTukanei. 3adgapOoyeMo KOXKHY
apyry ropu3oHTaib (puc. 15). 3apapOoBanux KIiTHH Oyje napHa KijdbKIiCTh. Puc. 15

KoxHe npsiMe TeTpamiHO MOKPUBAE MAPHY KUITBKICTh 3adapOOBaHUX KIITHH,

a KoxHe L TeTpamiHO NOKpHBa€ HeMapHY KUTBKICTh 3adapOoBanux kiIiTHH. ToMy KinmbkicTe L TeTpamiHO
NOBHMHHA OyTH MapHOIO.

4. 3amauva 5 3a 9 xiac.

5. lano roctpokyTHHi HepiBHOOenpennii TpukyTHUK ABC, AK ta CN — iforo GicekTpucHy,
| — ix Touka mepetuny. Hexait Touka X — Apyra Touka MepeTHHY KiJl, ONMMCAHUX HABKOJIO
AABC Tta AKBN. Hexaii M - cepenuna croponn AC. [loBenits, mo mpsima Eiinepa
AABC neprnienaukymsipaa npsmiid Bl Toxi i Timeku Toai, komu Touku X |, ta M nexarsb
Ha OJHIN TIPsAMIi.

Ilpsimoro  Eiinepa y HepieHOCMOPOHHbOMY MPUKYMHUKY
Hasueaenmsvcs npiana, o npoxodumb uepes modKy nepemuny
eucom, mou4Ky nepemuHy Mmeoian ma Yermp OonucaHoco Kojia
MPUKYMHUKA.

(Kissa boeoan)

Po36’azanuna. Cnodatky mokaxemo, mo npsma Elnepa
tpuxythuka ABC nepnenauxynspra no npsamoi Bl Toni i
tineku Tomi, komu LABC =60°. Cnpasni, nexait H Ta
O — BiANOBIZHO OPTOLEHTP Ta LEHTP ONKMCAHOTO KOJa

AABC, toni ZHBI=/IBO, 1a Bl LOH <«
BO=BH < sinZBAH =3, wo 3 rocrpokyrsocri

AABC pisnocunsae ymosi ZABC =60°.
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Jlema. Slxkmo B AABC O 1a H — nentp onucanoro kona ta oprouentp Bignosizno, o BO=BH <
ZABC =60° a6o sin Z/BAH =3.

Jloeedenns. TlobymyeMo TPUKYTHHK, y gkoro croponu napanenshi croponam AABC Ta npoxonsts uepes
sepmman AABC (puc. 1), Toxi nosuit Tpukyrauk noniouuit 1o AABC 3 koedinienrom 2. Ipu mpomy
touka H crae nentpom onmcanoro kona 6i1bIIOro TPHKYTHMKA, a Touka B Mae Bimnosimnoro Touxky K —

cepequny croporu AC (puc. 16). Toxi BH =20K =20C cos£ZCOK =2Rcos ZABC. 3siacu 3
ymoB 3agaui Bummbae, mo BH =BO=R i ue pisnocuneue Ttomy, mo CO0SZLABC :% &
ZABC =60°.

Jlema 0osedena.

Tenep nokaxemo, mo LABC =60° toxi i Tineku Toxi, komu Touku X |, 1a M — nexars na onmiit
npsMii. 3po3yMijio, IO 1€ 3aBEPIIUTh JOBEICHHS 3aa4i.

Hexaii mpsma X| neperunae cropony B touui M. Toxi 3 Teopemu cunycis mis tpukyraukis AIMg ta
CIM,. Orpumaemo, wmo

sin ZAIM, _ AM, N sin ZIAM,  AM,, sin ZIAM,

sin ZM,IC M,C sinZICM, M,  M,C sinZICM,’
sin ZAIM,,  sin ZKIX
sin ZCIM,  sin ZNIX
sin ZKIX _ XK NI sin ZKXI

sinZNIX XN KI sin ZNXI~
Baypaxumo, mo AXNA~AXKC. Cnpasui, £ZXAB=4XCB ta ZLAXN=/LCXK, 6o

ZAXC = ZABC = ZNBK = ZNXK . Tomy, % = K—C 3BinKH

NA
sin ZAIM, _ sin ZKIX ~ XK NI sin ZKXI _ KC NI sin ZKXI

sin ZCIM, sinZNIX XN KI sinZNXI NA Kl sin ZNXI~
KC NI sinZKXI _AM, sin ZIAM,

[lincraBnsroun 1€ B PIBHICTh 3BEPXY OTPUMYEMO ——— +—— o

NA KI sinZNXI CM, sin ZICM,

3BiIKM MaTHMEMO 3 teopemu cunycip aua tpukyraukis XIK ta XIN

MaeMo, 110

PIBHOCHJIbHE TaKiil piBHOCTI:

AM, _KC NI sin ZKXI sin ZICA _
CM, NA KI sinZNXI sin ZIAC
_sinAKXI.(sinAICB. KC j(sinAKIC‘ NI j

~ sin ZNXI Kl sin ZKIC NA sin ZIAB
Aue 3 reopemu cunycis ms Tpukytaukis ANl ta KIC maemo:
sinZICB ~ KC 1 sinZKIC NI 1 AM, _ sin ZKXI
KI  sinZKIC =~ NA  sinZIAB CM, sin ZNXI
Takum uuHOM, ymoBa, mo Toukn X |, Ta M nexars wa ommili npsamiii piBHOCHJIBHA TOMy, IO

cnpaBKyeThes piBaicTs roctpux kytie ZKXI = ZNXI

Hexaii Y Ta Z Biznosigno — touku neperuny X| Tta Bl 3 omucanum komom ABNK . Togi, ockinexu Bl
— 6icextpuca, To Z — cepemuna xyru NK |, To6To ans pisrocti ZKXI = ZNXI neobxinno, mo6 Y =7,
ane toui a6o X =B, mo cynepeunts mepisrobenpenocti AABC, a6o | manexwurs onmcanomy komy

AKBN .
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Taxkum unHOM, yMOBa, o Toukd X |, Ta M nexars na onniii npsimiii piBHOCHIBHA TOMY, 10 ToukH B,
N, K ta | — nexars Ha ogHoMy Koii, a 11e, B CBOIO uepry, piBHocuibHe Tomy, mo ZABC=60° <

180° - ZABC =90°+1 ZABC.

4.1. MeHemkepu JBOX  KOMIIAHIM
pO3TallloBaH1 y IBOX TOYKaxX Ha BiJCTaH1
1000 kM. Ha Bimpi3ky, mo iX 3'€IHYE,
po3TaiioBadi N TOYOK, Y KOXKHIM 3 SIKMX
€ ™arematuk. Illocekynnu koxeH 3
MaTEMaTUKIB PyXaeTbCid B TOUKY, LIO €
CEpPeNMHOI0  BIAPI3KY, SAKUH 3'€IHYE
TOYKY 17(ONY) po3TanryBaHHsA 3
HAaHOIKYOI0 TOYKOIO PO3TallyBaHHS
IHIIIOTO MaTeMaThKa 4Yd MEHeIXKepa.
Sxmo TakMx TOYOK HE OJHA, TO BIiH
pyxaeTbca 10 OAHIET 3 HUX. SKmo ABa
MaTeMaTHUKH pUOYBaIOTh y CIUIbHY TOYKY 33 OMUCAHUM aJITOPUTMOM, TO MOJIOJIIIUHN 3 IBOX
3anuimae rpy. JoBemiTh, 10 3a CKIHYEHHY KITBKICTh CEKYH]I KOKEH 3 MaTeMaTHKIB, IO
JIMIIMBCS, MOXKE MOTHCHYTH PYKY OJHOMY 3 MEHEIKepiB. MaTeMaThK MOXe MOTHCHYTHU
PYKY, SKIIO PO3TAIIY€ETHCS HA BiJICTaH1 He OuUIbie 1 M BiJ MEHEIKepa.

Pose’azannsa. Tosnaunmo uepes S, ={0, X, X,, ..., X, 1000} — mouarkosi nosuuii posramyBanHs
marteMatHKiB Ta MeHemwkepis, y toukax O ta 1000 posramosani menemkepn, y Toukax X, < X, <...< X,
— maremaruku. Yepes S; Oyxemo MO3HAYaTH AHAJOTIYHMM YMHOM pO3TAllyBaHHSI MCHEKEpiB Ta
MaTeMaTHKiB micis | cexyHa pyXiB. 3ayBaKMMO, IO KilbKiCTh eleMEHTiB S; Gyne 3meHuryBaTHCs, SKIIO

cepesl JBOX TOYOK pO3TalllyBaHHS MAaTE€MaTHKIB, € Bl HalOmwk4l Apyr no apyra. OCKUIBKM KUIbKICTb
eNIEMEHTIB S — CKiHYeHHA, TO 3MCHIUECHHS MHOXHHU MOXIIMBE JIMIIE CKiHYCHHY KUIBKICTb pasiB, TOMy

icnye uine mesigemue N: |S, |5 Sy |, VK> N.
Hexait temep Sy ={0, ¥, Yo, ..., ¥y, 1000}, O<y, <Yy, <...<Yy, <1000, m<n. Ockinbku
| Snaa H Sy | 1o

Yi=0<Yy =¥ <<V = Vo1 <Yea = Y1 > Yee2 = Yea1 > o> Yin = Y >1000 -y,

T0OTO A5 mepiux { MaTemMaTukiB HaHOIMIKYI PO3TAIIOBaHI JIiBillIe, a VI YCiX 1HIIUX — MpaBille.
TakuM ynHOM OOHM/BI IpyNM MaTeMAaTHKIB OyIyTh pyXaTHUCS Y CBOEMY HAmpsMi 1 32 CKIHUEHHY KUIbKICTb
KpOKiB OyyTh Ha BigcTaHi MeHme 1 MeTpa Bij 0HOTrO 3 MeHeIKepiB, AKOMY il IOTUCHYTE PYKY.

5.1. Hexaii I' — miBkosio 3 miamerpom AB. Ha mipomy miametpi BuOupaeThcst Touka C, a Ha
miBKOJII BUOMparoThes Toukn D Ta E Tak, mo E nexwuts mik B Tta D. BusBunocs, mo
ZACD = ZECB. Touky nepetuny gotudaux 10 [' y toukax D Tta E mosnaumnm uepes F .
Hosenits, mo LEFD=~/ACD + ZECB.

Posz¢’szanna. Hexaii touka O — nenTp miBkoma I, Tomi 3  BIACTMBOCTEH JOTMYHHX

Z0OEF =90° = ZFDO (puc. 17). Takum unsom toukn O, E, F, D — uxniusi.
Hexaii Z/ACD = ZECB = 6. 3 teopemu cunycis qis ACOD maemo, mo
sin ZODC _ sin ZDCO _ sin(180° - &)
co o oD

Ananoriuno s ACOE :
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sin Z/OEC sin ZECO _sind

CO OE OE
Ockimbku OD =OE sk panpiycu miBkonma, To
sin ZODC =sin LOEC. OcKinbKu

Z0DC < ZBDA=90°, 10 wmeii xyr rocrpuii, Tak
camo, sx i ZOEC. Tomy ui kyru piBHi i BKe II’Th
touwok O, E, F, D, C - nuuxnmiuwi. Tomi 3

BJIACTUBOCTI CIIMCAHOT'O YOTUPUKYTHUKA

/EFD=180°- «ZDCE = ZACD + ZECB.

Anvmepnamuene pose’azanna. Hexaii E' — Touxa, Puc. 17
mwo cumerpuuna E Bimnocro mpamoi AB, toxi Touka

E' nexurs na omucanomy xomi AAEB i ZACD = ZBCE = ZBCE' (puc 18), 3Binku
ZACD = Z/BCE = % (WAD+UBE') = $ (WUAD +UBE) = £ (180° - UDE) .
3 inmoro 6oxy, DF ta FE — notnuni no kona I', Tomy
/FED=/FDE = % wDE = ZACD+ /BCE =180°-UDE =
=180°- ZFED- Z/FDE = #DFE,

1o i Tpeda OyJIo TOBECTH.

11 knac

1. 3'scyiite, sike 3 uncen Oinpme 2 un tgl?

Bionogiow: 2 .
Po36’sa3annsa. Po3riissHEMO TaKHi JIAHIFO)KOK HEPIBHOCTEH

2>\/§:tg§>tgl.

|
|
|
|
|
|
|
2. Jlosenith, mo cepen uucen 1, 2,...,10000 moxkna A C. i
BUOpaTH 8 umceln, fKi HE € KBaJpaTaMH HATypalbHHX R |
Yyucel, Tak, o0 He MOXKHA OyJI0 3 IMX 8 uuces BUOpaTu . |
JeKlJIbKa, cyMa sIKUX Oyna O KBaJIpaTOM HaTypalbHOTO oL
e, . . Puc.18 ' E'
(Hixonaee Apceniti) —
Po36’azanns. Posrnsuemo taxi 7 umcen 27, 2°, ..., 22 =8192<10000. 3posymino, mo mpn BuGOp
Oy/Ib-AKOi KilIbKOCTI 3 IIUX 4Mces iXHs cyMa Oyjie IUIMTHCA HA MAKCUMAJbHMI CTEHiHb uKcaa 2, a y SKOro
MOKa3HHK CTETeHs € HeTTApPHUM YUCIIOM, @ TOMY KBaJpaToM OyTH HE MOXe.
Jlo BUOpaHKX paHillle 9uce MPHEIHAEMO YUCI0 3 . [IpHIyCTHMO, IO BAATOCS BUOPATH YHMCIIa, CyMa SKHX €
KBaJpaToOM IIIJIOTO 4ucia. Tomi cepel HUX Mae OyTH TPHEIHAHUM YHCIIO 3, iHAaKme MAaTHMEMO
CyNEPEYHICTh 3a MonepeHiMU MipKyBaHHAMH. OCKiIbKH KBaJpaT 4ucia NpH JIiIeHHI Ha 8 Moe naBaTh
octaui O, 1 un 4 rta BpaxoByroun, MmO cymMa — HEMapHE YKMCJIO, TO €MHA MOKJIMBA OJepikaTH ocTada 1.
Ane cepen 06paHMX BOCAMH YHCEN TPH JJICHHI Ha 8 Jal0Th HEHyJIbOBY OCTauy JIMINE 4ucia 2 Ta 3, 3
AKHX HiIKHM He MOKHa OTPUMATH YHHOM CYMY 3 OcTadero 1 Tpu jinenHi Ha 8.

3. 3aganuii Ot kBagpar ABCD 3apOunbiiku 8x 8, mo ckinagaeTbes 3 64 OJIMHUYHUX
kBapaTuKiB (KIiTHHOK) 1x1. 3a ogHy Aito MokHa BUOpaTH OYIb-sIKUH
a) KBajpar;, 0) IPSIMOKYTHUK,
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10 CKJIAJAEThCA 3 LUIOI KUTBKOCTI OAMHUYHUX KBAJAPATHKIB 1 MICTUTh NMPUHANMHI OJHY 3
BepinH kBagpaty ABCD, Ta mOMIHATH B HbOMY KOJIp KOKHOI KJIITUHKH Ha MPOTUIICKHUN
(OLTMii 3aMIHIOETHCS Ha YOPHUMA Ta HaBMakW). Yu MOXKHA 3a JOIIOMOTOIO TaKUX 1A OTPUMATH
noBUIbHE po3dapOyBanHs KiiTuH kBajapatry ABCD ?  AEEEEEE

(Hixonacee Apceniti)

Bionosios: a) Hi, 6) Tax.

Po36’a3annsa. a) o4eBHIHO, IO BUOpATH TOH camMuil KBajpar Ta 3pOOUTH y HbOMY
OTHMCaHy B YMOBI JIif0 JBi4Ul pIBHOCHJILHE TOMY, 1100 IIf0 Jit0 B3arajii He pooutu. Tomy
MOYKHA BBa)KaTH, 10 KOXHHUH 3 KBaapaTiB oOMpaeThea He Oinbie sk 1 pas. Yceworo

pi3HMX KBaJpaTiB, s SKUX MOKHAa BUKOHATH BKaszaHy fito € 32. Tomy pi3HHX
. . 32 64 . .

po3dapOyBaHb MOXKHA OJEpKATH HE OUIbIIE HiX 2 , 0 MEHIIIE 3a 2”7 _ KinbkicTb

yCiX MOXKJIUBUX po3dhapOyBaHb KIITHHOK KBAAPATy Y JBa KOJbOPH.

0) Bubepemo J0BUIbHY KIITHHKY JOIIKH (TIOKa3aHa YOPHOK0) Ta MOMIHSEMO KOJIBOPH B

yCiX BHIUICHUX MPSIMOKYTHHKAX Ha MPOTHJICKHI — X aBa (puc. 16a), Tpu (puc. 19) abo

votupu (puc. 168). Ilicns uporo mominsgemo komip ycvoro ksaapary ABCD mna
NpOTWICKHUI. TakuM YMHOM TOMIHSETBCS KOJNip jumie oOpaHoi KiIiTHHU. Takum
YHHOM MOXHa OTpUMATH JOBUIbHE po3(apOyBaHHS IMOYATKOBOTO KBaapaTy y IBa
KOJIbOPH.

4. 3amaya 5 3a 10 kac.

5. Jlna pgomaTHUX uucen @, b, C, IO 3aH0BONBHAIOTE  yMOBY Puc. 19
a?+b?+c? +abc =4, nosemith HEPIBHICTH
(4—a®)(4—b*)(4—c?)a’h?c? < (2a+bc)(2b+ca)(2c + ab) .
(Mumpogarnoe Baoum)

Po36’azanna. CriouaTKy JOBEJIEMO TaKi JEMHU:

Jdeval. Sxkmo o, B, y€(0° 90°) ta €OS®a+COS” fB+C0S° ¥ +2C0SaCcoOSScosy =1, to

o, ,B, 7/ — KYTH JCAKOI'0 TOCTPOKYTHOTO TPUKYTHHKA.

Jlosedenns. PO3TISHEMO OCTAHHIO PiBHICTh AK KBaJpaTHE PiBHAHHA BiAHOCHO COSY . Moro muckpuMiHaHT
JOPIBHIOE
D =4co0s’ acos’ B—4cos” a —4cos” S+4=4sin*asin’ .
3Bijcu
COSy =—C0oSacos+sinasin f=—cos(a + f).
Bpaxosytoun, mo |a— 3]<90°, maemo COS(x— ) >0, Tomy pismicts COSy =—COS(cx — f3)
HemoxnuBa. OTxke,
cosy =—cos(a + ) =cos(l80°—a — ) = a+ B+ y =180°, ockinsku @ + F <180°.

Jlema 0oseoena.

Jlema 2. Slxmo ¢, 5, ¥ — KyTH TOCTPOKYTHOTO TPMKYTHHKA, TO CIIPAB/IKYETHCSA HEPIBHICTD:
8cosacospcosy <1.

Jlogeoenns. 1lsa nema € 3araabHO BIJOMOIO, aje HE BaXXKO HABECTHU OJHE 3 ii JoBeAeHb. Po3rmsHeMo Tpu

sexktopu AB, BC ta CA, mo iiayTs y BkazaHOMy Hanmpsmi 0 CTOPOHAaX TPUKYTHHKA, a TAKOXK OJMHUYHI
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BekTopu €,, €, Ta €, mwo BianosixHo cuiBHanpasiexi 3 Bekropamu AB, BC ta CA. Kyru mix Humn

sinnosinno 180° —¢r, 180° — £ ta 180° — ¥ y neBnomy mopsizxy. Toxi
(e, +€,+e,)(e, +e,+6,)>0 < e’ +e’+e’+2e.e +2e,6 +266 >0 <
_ 3
3—2(cosa+cosfB+cosy) >0 < cosa+cosf+cosy <3 =

3/cosa cos BCOSy <:(cosa+cospB+cosy) <.

Jlema 0oseoena.

Ockimekn @, b, C<2, 10 icayots ¢, f, ¥ €(0° 90°) raxi, mo a=2cosa, b=2cosf ta
C=2CO0Sy .3 ymoBH
a’+b’+c®+abc=4 = cos’ a+cos” S+c0S° ¥ +2c0sacosfcosy =1,

a omxke 3a ieMoto 1 &, [3, ¥ — KyTH 1esIKOro TOCTPOKYTHOTO TPMKYTHHKA.
BpaxoByroun, mo
4—a® =4(l—cos’ a) =4sin‘a ta
2a+bc=4(cosa +cospfcosy)=4(—cos(f+y)+cospcosy)=4sin gsiny,
1 aHAJIOT14YH1 10 HUX, MaTUMEMO, 110 HEPIBHICTh 3 YMOBH Ha0yBa€ TaKOTO BUTIISY:
4° .cos® acos® Bcos’ ysin® asin® Bsin® y <4°-sin® asin® fsin’y <
2°.cos® acos’ fcos’ y <1 < 8cosacosBcosy <1,

1[0 BUIIIE JOBEJIEHE B JIeMi 2.

Anvmepnamuene po3e’a3anns. CnoanKy AOBCACMO TAKYy JICMY.

Jlema 1. SIxkmo nomatHi ynucna 4, b, C 3a10BOJIBHAIOTH YMOBY a2 -+ b2 + C2 +abc =4, to 3miuni X, Y ta

Z , IO BU3HA4YAaKOTbhCA piBHOCTSIMI/II a= \/ 3aJ0BOJIBHAIOTH

2 2 C 2
By-1)(3z-1)’ J@Bz-H)Ex-Y JBEx-1)By-1)

YMOBY: %+%+%=3.

Hoeedenns. 3 yMOBU JIEMU MA€EMO, 1110

4= 4 + 4 + 4 + 8 =
By-)@Bz-1) (Bz-1)(Bx-1) Bx-D@By-1) Bx-1H@By-1)H)(3z-1
Bx-D)@By-D)Bz-)=CBx-)+By-D)+Bz-)+2=3x+3y+3z-1 =

27xyz —9xy —9yz — 92X + (3X+3y +3z-1) =3x+ 3y +3z -1 = 3xyz = Xy + yz + X

3BiIKM OYEBUAHO BUIUIMBAE IITyKaHA PIBHICTb.
Jlema 0oseoena.

Ockinexn 3XYZ = Xy + yZ +2X > 33/(xyz)? = xyz>1 = X+ y+z>3R/xyz >3.

Cxkopuctaemocs nemoro 1. Toni:

(4—a2)(4—b2)(4—cz):(4— 4 )(4— ! )(4— 4 j:
By-D)(z-1 (3z-1D)(3x-1) Bx-D(@By-1)

_64.27. Byz—y- Z)(EZX —1 —ZX)(3XV—2X— y) <
Bx-)-RBy-1)-(3z-1
(ockinexu 3 memu 1 maemo, mo (3X—1)(3y —1)(3z-1) =3x+3y+3z2-1>8)
<27-Byz—-y—-72)BX—z2—-X)(3Xy —Xx—Yy) =
<27-(27(xyz)? —9(x2yz(y + 2) +..)+ 3(yz(y + X)(Z + X) +..)— (X+ Y)Y + 2)(2 + X)) =
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< 27-(27(xyz)? —18xyz(Xy + Yz + 2X) + Oxyz(X + Y + X) +
+3(0)° + (¥2)* + (20%) = (Xy + Y2 + D) (X + Y + X) + Xy2) =
(ockinbku 3XYZ = XY + YZ + ZX)
=27 - (—27(xyz)? + 6xyz(X + y + X) + 3((xy)? + (Y2)* + (2X)%) + Xyz) =
(ockimsku 9(Xyz)? = (Xy)? + (yz)? + (2X)? + 2x%yz + 2xy?z + 2xyz?)
=27-(3(9(xyz)? — 2xyz(X+ Y + 2)) — 27(xyz)? + 6Xyz(X + Y + X) + Xyz) = 27XyZ =
(4—a®)(4—-Db*)(4—-c?)<27xyz.

, 1 1 o
Jlema 2. Slxmo nonatHi uucna X, Y, Z 3aA0BOJIBHSIOTH YMOBY — + — + — = 3, To 3MiHHI Q, b tac 10
X y z
- 2a+bc 2b+ca 2c+ab
BHU3HAYAKOTLCA plBHOCTﬂMI/IZ X = = = y 3aJ0BOJIBHAKOTH YMOBYI

ac '’ 3a '’ 3ab
a’+b?+c’+abc=4.
Joseoenns. 3 yMOBH JIEMU MAEMO, 110

3bc 3ca 3ab
3= + + =
2a+bc 2b+ca 2c+ab
(2a +bc)(2b + ca)(2c + ab) = 3(abc)? + 4abc(a? +b? + ¢?) + 4a®b? + 4b%c? + 4c?a’.
3 iHmoro Ooky
(2a+bc)(2b + ca)(2c + ab) = (abc)? + 2abc(a? +b? + ¢?) + 4a%b? + 4b%c? + 4c?a® +8abc
j—

a® +b? +c? +abc =4, wo ii Tpe6a 6ymo goBecTH.
Jlema 0osedena.

Tenep 3 nemu 2 maeMo, 110

(4—a2)(4—b2)(4—c2) < 27xyz = (2a + bc)(2b + ca)(2c + ab) _

(abc)?
(4—a%)(4—b?)(4—c*)a’h?c? < (2a+bc)(2b +ca)(2c + ab).

4.1. 3amaua 5.1 3a 10 xiac.

5.1. Jlomatui uwucima a,b,C 3am0BOJBHSIOTE YMOBY a’+b?+c?=3. JloBeniTh, IO
CIIPaBKYETHCSI HEPIBHICTD:
1+2315>4a% +3p% +2¢°.
Po3é’azanns. llepenuiieMo HEPIBHICTh TAKUM YHHOM:
1,1,1,2.h244 2 2 L h2 4 ~2)_
s +tpto+i+b+2+2¢° 24(a” +b” +¢%) =12
Ockimpku 3=a° +b% +¢?>3.3 (abc)2 — abc<1l = %+%+%23-T1m23.
Jlist iHIUX TOJTaHKIB Ma€MO TaK caMO HEPIBHICTh MIX CEpeAHIMHU:
2 2_1.,1 2 L3[11R2 — 4 2_2,2 2 .2.3/11p2 _
c+b =0+ +b"23-3/s¢b =3 maf+2c°=2+2+2¢"22-3-3/;.C° =6,

Jlomaemo 111 HEPIBHOCTI 1 OTPUMYEMO LITyKaHe.



