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7 KJ1ac

. 1 . . .
1. Ilonaiire apid S0z Y BUTJISIL PISHHIL IBOX MPABUIHHHX Apo0OiB 3 MEHILIMMHU 3HAMEHHUKAMH.

(hozoan Pyb6avos)
Bidnogiop — — —.
674 1011
Po3é’azanna. OnuH 3 MOXIIMBUX BapiaHTIB MOJaHHS TAKU:
1 1 3-2 3 2 1 1 1 1

2022 2-3-337 2-3-337 2-3-337 2-3-337 2-337 3-237 674 1011

2. € n = 3 nonapHo PIi3HUX BIAPI3KIB, KOXKHUN 3 SKUX Ma€ JIOBXKHUHY, II0 B CAHTHUMETpax
3a/1a€ThCS HATYypalIbHUM uduciaoM. Binomo, mo 3 Oyab-SKUX TpbOX 3 LIMX N BIIPI3KIB MOXKHA
YTBOPUTHU TpUKYTHUK. Cepell UX BIAPI3KIB € TaKi, [0 MAIOTh JOBXKUHU 5 cM Ta 12 cm. Ske
HaNOUIbIIE 3HAUEHHS MOXE pUuiMaT n?

(hozoan Pyb6avos)

Bionogiods: 6.

Po3é’azanna. YopsaakyeMo yci BIAPI3KHU 3a JOBKHHOIO TaKUM YHHOM: 4 < a; <...< a,. 3p0O3yMiso, L0
100 3 TPHOX BIAPI3KIB MOKHA OyJIO CKIACTH TPUKYTHUK HEOOXIAHO M JOCTATHHO, MO0 CymMa JOBXKHUH JIBOX
HalKopoTmMX Oyna Ouibllla 3a JOBXKUHY TPEThOro Biapizka. Tomy, SIKIIO HE BpaxOBYBAaTH JIBAa 3aJlaHUX
BIJIPI3KH, TO HAWMEHIIIUN BIAPI30K HE MOKE MATH JOBXKUHY, MEHIITY Bi 8, 00 1HaKIIIE 3 BiApPi3KiB JOBKUHAMU
5,a <7 ta 12 He MOXHAa CKJIACTU TPUKYTHHK, OCKUTBKU 5 + 7 < 12.

Taxkum unHOM aq = 5 Ta a, = 8. 3po3ymuio, Mo a, < 12 Ta KUIBKICTh BIAPI3KIB HE MOXKE MEPEBUIILYBATH
KUIBKICTh €JIeMEHTIB MHOXWHH {5, a,, a, + 1,a, + 2,a, + 3,a, + 4}, Toéton < 6.

Onpasy 3a3Ha4MMO, 10 MHOKWHA BiIpi3KiB 3 mowxuHamu {5, 8,9,10,11, 12} ymoBy 3a10BOJIBHAIOTE. Takum
YUHOM IIIyKaHe n = 6.

3. 3aiaHna MHOKMHA 3 N HE 000B’SI3KOBO Pi3HUX uncen {aq, ay, ..., A, }, TOOTO JESKi €IIEMEHTH
MHOKHHH MOXYTh cmiBmagatd. PosrisHemo yci 2 — 1 HemoOpokHI IMIAMHOKHHHU €T
MHOXHHH, JJI1 KOKHOI TaKoi MiJIMHOXXUHH OOYHMCIMMO CyMY ii eleMeHTiB. Slka HaiOinbIia
KUIbKICTh 3 OOYHCIECHHWX CYM MOTJia BHUSBUTHCH piBHOIO 17 Hampukmnan, misi MHOXHUHH
{—1; 2; 2} maemo Taki 7 HenopoxHix nmiamuoxud: {—1}, {2}, {2}, {—1;2}, {—1,; 2}, {2;2} ta
{—1; 2; 2}, 3 IKUX CyMYy €JIEMEHTIB, 110 JOPIBHIOE 1, MatOTh PiBHO JBI.

(Aumon Tpuey6)

Bionogiow: 2™,

Po3é’azanna. Ilpuknan, mo Taka KUIbKIiCTh focsraeTscs Takuii: (1,0,0, ...,0).

[IpunycTumo, mo npuHaiMHi y 2"~ + 1 migMuoxunu cyma 1. O4eBHaHO, IO HE BCi €IEMEHTH JOPIBHIOKOTEH
0: Tozi 6 Bci cymu 6y piBHi 0. Be3 oOMexenns 3aranbHocTi, a; # 0. Toai moaimuMo Bci MHOKUHK Ha 2™ 1
nap Tak, [0 B KOXHIl Mmapi NiIMHOKHUHY BIIPI3HAIOTHCS JIUILE HAsIBHICTIO a4. B KOXHIH mapi cymu pi3Hi, 60
BiJIpi3HAIOTHCA HA 4, @ TOMY BCHOTO OJMHHUIIb He Oinbmre 3a 271,
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4. Y neskiil 4apiBHIM KpaiHi BUKOPUCTOBYIOThCS JHINE Kymiopu HomiHamoMm y 3, 25 1 80
rpuBeHb. bisHecMen BikTop 2024 nH1 mocnuib XapuyBaBcs B pECTOpaHI L€l KpaiHu, IpUIoMy
KOXXHOT'O HAaCTYMHOI'O JIHA BIH IJIaTUB (0€3 pemTH) Ha 1 rpuBHIO OUIbILE HIK MONEPEAHBOTO.
Yu Mir BiH CyMapHO BUIUIATUTHU 3a XapuyBaHHs PIBHO MUIbHOH KyMIOp?

(Onexciit Macanimin)

Bionosioy: Hi.
Po3é’azanna. Hexait cymy S TpH BiH 3a1utaTuB Kk Kymiopamu cepen sikux a 1o 33 rpH, b mo 25 rpu i ¢ o 80
rpH. Tomi
S =3a+ 25b+80c = 3a+ 3b + 3c = 3k (mod 11).

Skmo n + 1 — cyma, sIKy BiH CIJIaTHB y IEPUINHA J€Hb, TOMI y i-Hii AeHb BikTOp criaTtuB cymy n + i piBHO k;
KYIIOpaMH. 3 HaBeJIeHO1 BUIle (GOPMYITH BUTLTUBAE, 1110

3(ki+ky+ - +kyp)=(n+ 1D+ +2)+ -+ (n+2024) =2024n + 1012 - 2025 (mod 11).
Ockinbku 1012 @ 11, To nmpaBa yactiHa KpaTtHa 11, a ToMy i JliBa YaCTHHAa, 1110 IOPIBHIOE 3arajibHIi KUTbKOCTI
CIUTaYEHUX KYITIOP, Takok Mae numutrcsa Ha 11. Ane yucino 1000000 Ha 11 He AUTUTHCS, @ TOMY PIBHO CTUIBKU
Kymtop BikTop BUKOpUCTaTH HE MIT.

3.1. Cyma B3a€eMHO TPOCTUX HATypallbHHX 4ducell m Ta n jaopiBHioe 90. fAxe HaliOuIbIIE
3HAYCHHS MOXKE MPUHMaTH JOOYTOK MmN 1UX YUCEN?

Bionogids: 2021.
Po36’a3anna. 3pooUMO Taki MepEeTBOPEHHS I TOOYTKY ITUX YHUCEIT:

— (m + n)z _ (m - n)z _ 452 _ <m - (90 - m)>2 = 2025 — (m — 45)? - max.

2 2 2

TakuM 4MHOM TOH MakcMMyM Oyje, KOJIM HaiiMeHIIMM € 3HadeHHs Bupazy (m — 45)2, ane Tyt Tpeba He
3a0yTH TIPO B3aEMHY IMPOCTOTY YHCET M, N.

m = 45, Toni n = 45 Ta 4yucia m, n He B3aEMHO TPOCTI.

m = 46, Toni n = 44 Ta yuciia m, n He B3aEMHO TPOCTI.

m =47, toni n = 43 Ta yKcia m,n B3aEMHO MPOCTI, TOOTO MIyKaHi. 3BiicH HaOUIbIIIE 3HAUYEHHS 00YTKY
nopisHioe 2025 — (47 — 45)%2 = 2021.

4.1. Tlpu pgineHHI 3 OCTayeld YOTHPHOX IIOCTIIOBHMX HATYpaJlbHUX YHCET Ha JesKe
TpUIH(PPOBE YUCIO BUSIBUIOCS, IO CyMa YOTHPHOX OcTad JopiBHIOE 983. 3HaiiniTh ocTady
P AUICHHI HAWMEHIIIOT0 3 X YOTUPHOX vucen Ha 109.

Bionosios: 108.
Po36’sazanna. 1lo3HaunMO 11i YOTHPHU TOCIIAOBHUX yucia yepe3 n, n+ 1, n+ 2 ta n + 3. Tpurudpose
YHCIIO0, HA SIKE JUIATH 1[I Yucia mo3HauuMo uepe3 b. Hexait m = bq + r. Temnep po3risiHEMO MOXIIHBI1
3HAYE€HHs OCTayl 7.
Sxmo r < b — 4, To ocTadi BKa3aHUX YKcen AOpiBHIOWOTE 7', 7+ 1, v+ 2 1Tar + 3 =
r+r+1+r+2+r+3=983 = 4r =973,
OTPUMAJIH CYNEPEUHICTb.
Sxmo r = b — 3, To ocTayi BKa3aHUX 4YKcen AOpiBHIOWOTE 7', 7+ 1, 7+ 212 0 =
r+r+14+r+24+0=983 = 3r =980,
OTPUMAJTH CYNEPEUHICTb.
Sxmo r = b — 2, To ocTayi BKa3aHUX 4yucen AopiBHIOWOTE 7,7+ 1, 0Ta 1l =
r+r+1+0+1=983 = 2r =981,
OTPUMAITH CYNEPEUHICTb.
Sxmo r = b — 1, To ocTadi BKazaHUX 4yucen AopiBHIOWTL 7, 0, 1 1a 2 =
r+0+4+142=983 =2r=980 =2b=r+1=0981.

3anuInaeTbCs 3HAUTH IIYKaHy OCTauy:

n=>bq+r=981q+ 980 =109(9q + 8) + 108.



8 KJac

1. 3agani 5 monapHoO pi3HUX HATYpaJTbHUX unced. Un Moxke iXHe cepeHe apupMeTuuHe OyTu:
a) y 3 pa3u OUIbIIUM 32 HAUOUTBIINN CIUTBHUN JUTBHUK;
0) y 2 pa3u OUTbIIUM 3a HAUOLIBIIUN CIUTBHUN JUIBHUK?

Bionogios: a) Tax, 6) Hi.
Po3é’azanna. a) JlocTaTHRO HABECTH NPUKIAJ MIYKaHUX 5 4YKcesd, HANPHKIAA, TO MOXe Oyru Halip
1,2,3,4,5, y axoro cepeaHi apuMeTnyHe JOPIBHIOE 3, a HAMOUTHITUH CIIUTBHUHN AUTHHUK 1

0) IlpunycTrM BKa3zaHa IT SITIpKa 9uCell 4, A, A3, A4 Ta Ag icHYE, Hexall d — ix HCJI, Toxi mi 5 uncen moxHa
nepenucaT TakuM YHHOM: @; = db;, i = 1,5 i3agaHa B yMOBIi PiBHICTb MEPEMUCYETHCS TAKUM YHHOM:

a1+"'+a5
f=2d < d(by + -+ bs) =10d © by + -+ bs = 10.

3po3yminio, o 9ucna by, ..., bs IOMapHO pi3Hi, a TOMy HAWMEHIIO 1XHs cyma Moxke Oytu 1 +2 + 3+ 4 +
5 =15 > 10, oxepxaHa CynepeyHiCTh 3aBEPIIYE TOBEICHHS.

./’4

2. 3agaya 7.3.

3. HaBkomno TynokyTHOro TpukyTtHuka ABC 3 Tynum
KyTOM Mpu BepuivHi B omnucane koino. JloTuyHi 10
IILOT'0 KoJIa y Toukax A 1 B mepeTuHaoThcs B Toull P,
a NepHneHguKyIsp A0 npsmoi BC, 1o npoBeaeHHUi
yepe3 Touky B, nepetuHae AC y Touni K. JloBenits,
mo PA = PK.

(Hanuno Xinoxo)

Po36’sa3anna. 3ayBaxxnMo crioyaTky, mo ockiibku LABC > 90°, To Touka K 1exxuTh BecepeauHi Biapizky AC
(puc. 1). Takox, 3po3ymino, mo PA = PB. bynemo poBoauTH, 110 K JI€XKHTh Ha KOJi @ 3 HEeHTpoM P i
paniycom PA. JloctatHbo poBecty, mo LAPB = 2(180° — £AKB). Cupaspi, Bi3bMeMO Ha OUTBIIIH 1y31 KoJia

w touky X. Tomi £AXB = %LAPB. SIkio BUKOHYeThCS TonepeaHs ymoBa, To ZAKB + £AXB = 180°,

3BiaKK TOYKHU A, K, B Ta X nexartpb Ha Koji w. LleHTp mporo xona — touka P, Toxx PK = PA.
Orxe, noseaemo, mo £APB = 2(180° — £AKB). Ockinsku PA = PB, a Tak0oX BpaxoBYIOUU TEOPEMY IIPO
KYT MK JJOTUYHOIO 1 XOP/I0I0

£APB = 180°—2£ABP = 180°— 2£ACB = 180°— 2(90°— 2CKB) = 2£4CKB = 2(180° — 2£AKB).

4. Cepen Harypanbaux uucen 1, 2, ..., 2022 oOpanu nexuibka. BusiBunocs, mo cyma Oymb-
SKUX JIBOX 13 IIMX OOpaHUX YHCEI HE JUIMTHCS HAILIO HA JKOAHY 3 PI3HUIL OyIb-IKUX JBOX 3
[IUX YMCeT. 3HANUITh HAHOUTHIITY MOXKIIMBY KUTBKICTh OOpaHUX YUCEN.

(Onexcit Macanimin)

Bionosios: 674.

Po3é’azanna. llpunyctumo, 1o oopaHo Oinbiie Hixk 674 yucna. Toxi 3Haiinerbes Tpiika uncen 3n + 1, 3n +
2, 3n + 3, cepen AKUX 00paHO OUIBIIE OJJHOTO, @ TOMY PI3HUI MK AEIKUMHU 3 OOpaHUX YHUCEN 32 MOTYJIEM
He nepesuilye 2. OueBHAHO, IO 3HAWAETbCA Mapa OOpaHMX 4YMCeN OJHIEl MapHOCTi, TOAl iX cyma Oyne
TUTUTHCS Ha Ty PI3HULIO MDK OOpaHMMHM YMCJIaMH, IO 32 MOJYJeM He nepeBuilye 2. Takum 4yuMHOM, OyIo
oOpaHo He OUTBII HDK 674 Yncna.

[MTokaxxemo, 10 3a3HaYEHY KUIBKICTh Yncen oOpatu MoxkHa. Posrisaemo Habip uucen {1,4,7, ...,2020}, mo
cknagaerscs 3 674 uncen. OCKUIBKY PI3HUI OYAb-SIKHX JBOX YHCEN L€l MHOKUHH JUIMTHCA HA 3, a cyma
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Oy/ab-SIKUX JBOX YHCEN Ii€i MHOXXMHHU HE AUIMTBCA Ha 3, MOXEMO CTBEp/DKYBAaTH, IO [ MHOXXHHA
3aJI0BOJIBHSIE YMOBI 3a/1a4i.

5. Y TypHipi 3 MiJIBOJTHOTO MOJIO B3sIM y4acTh 2022 KoMaH/H, 1 KOKHI AB1 KOMaH/IU 31rpalid
MDK co00l0 piBHO oauH MaTy. KokHIA KOMaHIiI 3a TEepeMory, HIYMI0 Ta TMOpa3Ky
HapaxoByBajM BiANoBinHO 2, 1 ta 0 oyok. BusBuiock, mo K0/ H1 1BI KOMaHI1 HE HaOpanu
OJIHAKOBY KUIBKICTh OYOK. Y MIACYMKOBIA TaOJWIl KOMaHJM pPO3TAIlyBajdd B MOPSAKY
cnaJaHHs KUIbKOCTI HaOpaHux o4ok. [1iq yac neperisay pernaMeHTy BUSBUIOCH, 1110 KOKHUI
MaT4, B IKOMY OyB MEepEeMOXKEIb, MaB 3aKIHYMTUCHh YHIYHUIO, 1 HABIAKH, Y KO)KHOMY MaT4i, 110
3aKIHYMBCS BHIYMIO, MaB OyTH mepemoxelp. [Ipu 1boMy BUSBUIIOCH, IO 3HOBY JKOJIHI JIB1
KOMaHIM He HaOpaiau OJIHAKOBY KUIBKICTb OYOK, 1 Y IMIJICYMKOBIM TaOmuii iX 3HOBY
pO3TalllyBajiy B MOPSAKY CHaJaHHS KUIBKOCTI HaOpaHMX O4YOK. YW MOTJIO CTaTUCS Tak, IO
HOBHI MOPSAI0K KOMaH/ y MiJICYMKOBIM TaOIUIl TPOTUIICKHHUM TOYATKOBOMY?

(Deoip FOOin)

Bionoegiow: Hi.
Po36’az3anna. JluBuck po3B’si3aHH 337241 9.5 111 TapHOTO 1.

4.1. Yu icuye xBagpatuuii Tpuunen f(x) = ax®+ bx + ¢ 3 winuMu xoedilieHTamMu, IS
SKOT'0 YHCIIO a4 He AUIMThCS Hamino Ha 2022 Ta yci wncaa f(1), f(2), ..., f(2022) maroTth
pi3H1 ocTaui npwu aiieHHs Ha 20227

Bionogiods: Tax.
Po3é’azanna. Po3rissHEMO TaKUil TPUYJICH:
f(x)=1011x%+ 1012x = 1011x(x + 1) + x.
Sk GaunMo, mepINuii J0JaHOK 3aBKau kpatuuii 2022, Tomy f (x) Mae ocrauy, mo AopiBHIoe x. TBepmKeHHs
JIOBEJICHE.

5.1. V TypHipi 3 miABOAHOTO MOJIO B3sUIM y4acTh 11 KoMaH/I, 1 KOXKHI AB1 KOMaH U 31rpaju MixX
cob6oro piBHO oaWH MaT4. KokHilf KOMaH/II 3a MepeMory, HIYMI0 Ta MOpa3Ky HapaxOBYBAIH
BianoBimHO 2, 1 Tta 0 ouyok. BusaBumiock, 10 KOJHI JBI KOMaHIW HE HaOpaiaW OJHAKOBY
KUIBKICTh OYOK. Y TIJCYMKOBIH TaONHIII KOMaHAM PO3TAIIyBad B TOPSIKY CITaJIaHHS
KiTbKOCT1 HaOpanux o4ok. [lim gac meperasmy periiaMeHTy BUSBHIOCH, IO KOXKHUN MaTd, B
AKoMy OyB TI€peMO’Kellb, MaB 3aKIHYMTHCh YHIYMIO, 1 HABMAKH, Yy KOKHOMY MaT4i, IO
3aKIHYMBCS BHIYMIO, MaB OyTH TiepeMoxellb. [Ipu oMy BUSBHUIIOCH, IO 3HOBY JKOJIHI JIB1
KOMaHId HE HaOpamu OJHAKOBY KUIBKICTh OYOK, 1 y MIJACYMKOBiil TaOmuili iX 3HOBY
pO3TallyBaiy B MOPSAKY CHaJaHHS KUIBKOCTI HaOpaHUX O4oK. UM MOTIIO CcTaTUCs Tak, IO
HOBUH TOPSAIOK KOMaH/ y MICYMKOBIii TaOJIUIlI MPOTHIICKHUN TTOYaTKOBOMY ?

(Deoip KO0in)

Bionosios: Taxk.
Po3é’azanna. JluBuck po3B’si3aHHA 3a/1a4i 9.5 U1 HEmapHOTo n.

9 kiac

1. SIxe HaiimMeHIIe 3HAYEHHS] MOKE TPUITMATH BUpa3
2
(x+y+lx—yD
xy

JUIS JOJTaTHUX 3MiHHHX X, Y?



Bionogios: 4.
Po3é’azanna. be3 OOMeXEHHS 3arajlbHOCTI BBRXATUMEMO, IO X =Y, TOJI MOXEMO 3pOOHTH TaKi
CIIPOIICHHS:

x+y+lx—yD* (@x+y+x—-y)*? (2x)* 4x* 4x

=—2=4.
Xy xy xy Xy oy
SIKIIIO MOKJIACTH X = Y, TO II€ 3HAYECHHS JOCITAETHCS. ¥
. . . y /)
2. JInst JOBUIBHUX YMCEIT X, Y JOBEAITH HEPIBHICTh il :
/
VE+D + 0 +2? +V (=5’ + (+4)° < B—ic
<J(E—22+ @ -6)2+/(x—5)2+ (y — 6)2 + 20. o
b P |
(bozoan Py6ivos) ya
Po3é’azanna. Po3rnsHeMo Ha KOOpAWHATHIN mionuHi Touku A(—4, —2), TN
B(2,6), C(5,6) ta D(5,—4) (puc. 2). lna nosineHOi Touku M(x,y) Ha . N ¥
IUIONIMHI 3a7aHa HEpiBHICTH TepenucyeThesl TaKUM umHOM: MA + MD — /77 N
MB — MC < 20. 3naiinemMo HaiiOuIbIlI€ MOKJIBE 3HAUEHHS BUpa3y A KN
S(M) = MA + MD — MB — MC. T
Jisa  noBUIbHOT TOYkM M Ha IUIOMMHI 3 HEPIBHOCTI TPHUKYTHUKA Puc. 2 D

CIIPaB/KYETHCS HEPIBHICTD:
S(M) =(MA— MB)+ (MD — MC) < AB + CD.
[Tpu bomy st Touku X = AB N CD cripaBIKyeThCs Taka PIBHICTh
S(X) =(XA—XB)+ (XD —XC)=AB +CD =10+ 10 = 20.
TakuMm 4MHOM MaKCUMaJbHE 3HAUEHHS JOCATAEThCS ISl TOUKHU X, a JUIA yCIX IHIIUX — CIIPaBIKY€ETbCA CTpora
HEpIBHICTh, 00 IPUHANMHI OJTHA 3 HEPIBHOCTEH HE TIEPETBOPIOETHCS B PIBHICTD.

3. Hexait AL — Gicextpuca TpukytHuka ABC. Koo 3 nieHTpom B Touli B Ta pamiycom BL
nepetuHae npoMinb AL B Tourli £, a koo 3 nentpom B Toulli C Ta pagiycom CL meperunae
npominb AL B Tourii D (touku E Ta D BigmiHHI
Bix Toukn L). JloeniTs, mo AL? = AE - AD.
(Muxona Mopo3)

Po3é’azanna. OyeBuano, mo TpukyTHuku BEL Ta
CDL - piBaoOenpeni, a kyru 2£CLD Tta £BLE
BeprukanbHi  (puc. 3). Tomy <£BEL = £BLE =
£2CLD = £CDL. 3Bincu xytu <2AEB = £ALCsx
cyMixkHI a0 piBHUX KyTiB. Takox 2ZCAL = £BAL,
ockinbku AL — GicekTpuca.

[Tomitumo, mo tpukytHuku CLA Ta BEA nonibHi 3a

AL AC . AC
BOoMa KyraMu. Tomy — = —, 3Binku AL = AE - —.
A YT y AE  AB’ 1 AB
Takosx moMiTuMO, 110 TOAIOHUMHU € TPUKYTHUKH BLA
AL AB . AB L. ..

ta ACD 3a nBoma xyramu. Tomy D = ac 3BUIKH AL = AD e [TepemHOXUMO OneprKaHi ABI PIBHOCTI 1

otpumaemo, mo AL?> = AE - AD.

4. Ha3Bemo HaTypajgbHE YHCJIO BUIBHUM BIiJI KBaJpaTiB, SKIIO BOHO HE JUIUTHCA Ha p2 TS
’KOJHOTO TIpocToro umcia p. JlaHo ywmcno n > 1, mo BiUIbHE Big KBagpaTiB 1 Mmae d
HaTypaJIbHUX AUIbHUKIB. SIKy HAaWOUIbIIY KUIBKICTh AUIBHUKIB I[OI'O YMCIa MOKHAa oOpaTu
TaK, Mmoo I Oyab-IKHX JBOX 3 IIUX OOpaHMX, HAIIPUKIIAJ, a i b, 9uciio a’ + ab — n He OyJo
KBaIPATOM IIJIOTO Yuca?

(Onexciu Macanimin)



. ., d
Bionogion: e

Po3é’azanna: Ockinbku n > 1 BinbHE BiJ KBaApariB, BOHO HE MOXxe OyTH KBaapatoM. Toxi BCi AUTbHUKU
qrciaa N MOXKHA po30uTH Ha mapu (tq, ts), (t3,t4), ..., (tg_1, tg) TaK, 100 HOOYTOK MUTFHUKIB B KOXKHIN mapi
nopisHIOBaB N. Skio mMu obpanu asa uucna (a,b) 3 oamiei mapu, To a? + ab —n = a?, WO cynepeynThH
yMoOBi. TakuM 4MHOM, 3 KOKHOI Tapu 0yi10 0OpaHO HE OLIBIIE OJHOTO YHCIa, TOMY BChOTO iX Oyi10 0OpaHO He

. . d d . . . .
OUTBIIIE HDK > [Tokaxkemo, 110 3aBXKAM MOKHA 00paTu S ucelL. HiiicHO, cepen NUIBHUKIB YUCIa M PIBHO

TI0JIOBMHA MEHIIA 3a \/n, obepemo Iii % ninpaukiB. Hexait a? + ab —n = t? mua gesxux obpaHux a, b.
3po3yMiso, 1o JIiBa YaCTHHA JITHTHCS Ha d, TOMY t2 ninmuThes Ha a.OCKIIBKU @ — QUTBHUK N, @ TAKOX BiIbHE
BiZ KBazpaTiB, TOMy t AimHTECA Ha a. Tofi t > a, ane 3 iHmoro 6oky ab < vVn -vn =n,Tomya? + ab — n <
a?, 3BiIKM 1 OTPUMYEMO CYNIEPEUHICT.

HEMAa€E B TEKCTI1

5. Y TypHIpi 3 MIBOJHOTO MOJIO B3SIJIM Y4acTh N = 2 KOMaH/H, 1 KOXKHI JIB1 KOMaH I 31rpaik
MDK co0or0 piBHO oauH MaTd. KokHI KOMaHII 3a MepeMory, HIYMI0 Ta TMOpa3Ky
HapaxoByBaiH BiANMOBIAHO 2, 1 Ta 0 odok. BusiBuiiock, 1o »o0aH1 1Bl KOMaHIu HE HaOpanu
OJIHAKOBY KUIBKICTh OYOK. Y TMIJACYMKOBIA TaOJIWIll KOMaHIM pO3TAIlyBajdd B MOPSAKY
CriaJilaHHs KUIBKOCTI HaOpaHux o4ok. I1i yac nmepersiay peraiaMeHTy BUSIBUIIOCh, 10 KOKHUM
MaT4, B SIKOMY OYyB IepeMOoKellb, MaB 3aKIHUMTHUCHh YHIUMIO, 1 HABMAKH, Y KO)KHOMY MaTui, 110
3aKIHUMBCSl BHIYMIO, MaB OyTH TnepeMoxelb. [Ipu mpoMy BUSBUIOCH, IO 3HOBY OJHI JBI
KOMaHJIM HE HaOpaJii OJIHAKOBY KUIBKICTH OYOK, 1 Yy MIJACYMKOBiH TaOmuIll iX 3HOBY
pO3TalllyBajiv B MOPSJIKY CHaJaHHs KUTBKOCTI HAOpaHUX 04OK. /{715 AKX 1 MOTJI0 CTaTHCs Tak,
10 HOBUH TOPSAIOK KOMaH] TPOTUIICKHHUI TOYaTKOBOMY ?

(Deoip FOOin)

Bionogidv: nisg HEMapHUX N.

Po3é’sazanna. Hexait n = 2k + 1 — nenapse. [lokakemo, 110 onucaHa cuTyallis MoxiuBa. Posrisaemo 2k +
1 xomann Ty, Ty, ..., To 41 BusHauumo pesynbrar matay Mok T; Ta Tj nois i < j sk nepemory T; ko j < i +
k Ta wiumio iHakme. Maemo, mo s Beix 1 < i < k + 1 xomanna T; mae k nepemor ta k + 1 — i Hiunix, a
stk + 2 <i <2k +1xomanna T; mae 2k + 1 — i mepemor Ta i — k — 1 Hiunix. Y 00ox Bunaakax, T; mae
3k +1—1i o4ok, TOOTO TWOpsAAOK po3TamryBaHHs komaHn Takuii: Ty,T,, ..., Toryq. Takoxk, BU3HAUMMO
pesyabTar matay Mk T; Ta Tj juist i < j 1micist epersisny Sk Hiduro, aKmo j < i + k, Ta sk nopasky T; iHaKIue.
[Ticns mepernsany, T; mae k — 1 + i o4ok, omke mopsanok kKoMaui: Topyq, Tok, -, T1. Ha puc. 4 nokazanuit
BUIIAJIOK 1A N = 7.

112|345 ]6]| 7] O0Ou 1|23 |45 |6 | 7]O0u4
1 /X222 |1|1]1 9 1|/xX|1|1]1|0|0]O0]3
20 | X|2 22|11 8 2|11 | X|1|1(1]0/|0]| 4
3/]0|0|X|2]|2]|2]|1 7 3111 |X|1]11]0]65
41000 (X |2]2]2 6 4 11|11 |X|1|1]|1]€®6
5/{1 10|00 |X|2]2 5 5/2 |1 1|1 |X|1]|1]|7
61|10 |0|0|X]|2 4 6|22 (1|11 |X]|1] 8
711|111 /0]0|0/|X| 3 71212 (21|11 |X]9
Puc. 4

Hexait n = 2k — napne. Koxxen maTu Jtoj1a€ 2 10 cymMapHOi KUJIBKOCT1 OYOK, TOMY CyMapHa KiJIbKICTh OUOK
nopiBuroe 2k(2k — 1). Hexaii komanga T Gyina mepiioro, a micis Meperisiay cTajia OCTaHHBOK. [ToMiTUMO,
o abo micist, abo go neperasaay T Mae xoua 0 k Hiuuix. Skmaro T mae xoua 6 k HIUMIX 10 MEPETIsLy, TO IS
KOMaH/Ia Masa moHaiounpme 3k — 2 040k, TOOTO 3araibHa KiTbKICTh 0YOK HE TIEPEBHUIILYE

(3k—2)+(3k—3)+---+(k—1)=2k(3k—2)—w=4k2—3k<2k(2k—1),
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oJiepkanu cynepedHicth. Skio T Mae xoda 0 k HIUMIX miCIs meperisay, To s KoMaHaa Mae xo4da 0 k odox,
TOOTO 3arainbHa KUIBKICTh OYOK HE MEHIIIA

k+(k+1)+--+Bk—1) =2k?+

3HOBY OTpUMAJIN CYMEPEUHICTh, 110 3aBEPIIIYE JOBEICHHS.

2k(2k — 1)

> = 4k? — k > 2k(2k — 1),

Anvmepnamugne po3e’a3anna napnoz2o eunaoky. IIoMiTHMO, IO KUIBKICTh OYOK KOYKHOI KOMAaHIH MOYKE
3MIHUTHChH Ha HE OuThIe HiK N — 1. Skimo B mepiioi KoMaHu OYyJIO X OYOK, a B OCTAaHHBOI Y, a CTAIIO X1, Y,
BIIMOBIIHO, TO MAEMO:

wexitm—-Dx=>y+(n—-1D,x,=2x—n—-1),y, <y+n-1),
3BIIKU Y3 =X = X1 + (n— 1) =y + (n — 1), 3BiOKu KUIBKOCTI 090K KOMaH]l — N TIOCTITOBHHUX YnCell. Ale
TOJIl MAEMO

nn—1) n—1

2 1y= 2 )

y+ @+1D+ ..+ y+n—-1)=nn-1)= ny =

He nie yncno. OxeprxaHa CyrnepeyHiCTh 3aBEPIIYE TOBEICHHS.

4.1. 3maiinite yci Taki HaTypanbHi uncna a < b < ¢, ang akux supas 24 + 22 +2°+3 ¢
TOYHUM KBaJpPaTOM ILJIOTO YHUCIIA.

Bionogiov: a =b=c=1taa=1b=2,c=4.

Po3g’azanna. Sxmo a > 2, to 2%+ 2P + 2¢ + 3 = 3 (mod 4), T06T0 KBajApPaTOM IIiNOrO YMcia OyTH He
Moske, TakuM unHoM a = 1. Hapani posrasmaemo Bupas 2P + 2€ + 5, akuii Mae 6y TOUHHM KBaIpaTOM.
Sxmo b > 3, 1o 22 + 2¢ 4+ 5 = 5 (mod 8), To6TO KBaApPaTOM LITOTO YMcia OYyTH He MOKE, TAKUM YHHOM
b <2

Skmo b = 1, To xBaaparoM mae Oytu Bupa3 2+ 7. Ilpu ¢ > 2 2¢+ 7 = 3 (mod 4), Tobt0 KBagpaToMm
LJIOTO Yuciia OyTH HE MOKe, TAKUM YUHOM ¢ = 1. Takum ymHOM MaeMo mepiuii po3B’si3ok a = b = ¢ = 1,
st sikoro 2% 4+ 2P +2¢ 43 =9,

Slkmo b = 2, To kBagpatoM Mae Oyt Bupas 2¢ + 9. Skmo 2¢ + 9 = k? = 2¢ = (k — 3)(k + 3). Takum
yuaHoM k —3 = 2™ Tta k + 3 = 2", 3Binku 2" —2M =2M(2" ™M —-1)=6=2-3,3Biakum=1,n—m =
2,atoMyn = 3 =k =5 = ¢ = 4. TakuM 4Y1MHOM 3HANIIUIN 1€ OJIUH pO3B’si3ok a =1, b = 2,¢c = 4.

5.1. Ilerpuk Ta Bacwip rparoTh y rpy Ha gomii m X n. BoHu poOisTh X0au 1Mo 4ep3i i
posmnounHae Ilerpuk. [lerpuk Ha cBoeMy XOJ1i CTaBHTh IillIaKa B JOBUIbHY BUIbHY KIITHHKY
nomku. Bacuins Ha CBOEMY XO/11 Ma€ MOCTaBUTH ITillIaKa Ha BUTbHY KIIITHHKY, 5IKa € CYCITHBOIO
M0 CTOPOHI 3 KIITHHKOI, y SKy MOCTaBUB CBOro mimaka [leTpuk octaHHIM CBOIM XOIIOM.
Bacunb Burpae, skmio ycs gomika Oyzae 3amoBHeHa mimakaMu. [leTpuk BUrpae, sIKIio micis
fioro xony Bacwiie He 3M0Xke 3pOoOUTH XiJ1 32 3a3HAYCHUMH ITPaBUIaMHU Ta Ha JIOMIIII IIe OyAyTh

BUTbHI KJIITUHKHU. SIKIIO KOXXHUUW TparHe MepeMOrTH, TO XTO MA€ BUTPAIIHY 412
CTpATeTiio B 3aJICKHOCTI BiJl 3HAYCHD M, M.

1
Bionoegios: Tlerpuk nepemarae Kojau m = n = 3, a TakoX M, N — HenapHi i max{m,n} = 5, 3
B yCiX IHIIMX BHIaJKax nepemarae Bacuie.
Po3é’azanna. Hexail m — KUIbKICTh PS/IKIB JIOLIKH, @ N — KUIBKICTh CTOBITYMKIB. , 110 i Tpeda Puc. 5

Oyno oBecTu. SKiio m — napHe, To po3i0’eMo yci IoJid Ha Mapu CyCiHIX 1mo cTopoHi. Toxi

npu Oyne-skomy xoJi [lerpuka Bacuiie MaTMe MOXKITUBICTB 3pOOHTH 1 CBiM X171 1 mepemoxe y rpi. [ToBHicTIO
aHAJIOTIYHO, AKIIO MapHUM € N, To nepemoxe Bacumb. g 1 X 1, 3 X 1 ta 1 X 3Tak camo O4EBHUIHO, IO
nepemoske Bacuiib.

Hexaii renep m = n = 3, toxi nepemarae IleTpuk 3aBsku Takiil crparerii, nepmui Xig poouts B ueHTp (1),
Bacwuiib 6e3 oOMexeHHs 3araJibHOCTI XOAUTh Haj KoMipkoto [letpuka (2), a nani [letpuk XoauTh mijx cBOiM
nepmuM xo1oM (3) (puc. 5). [Ticnst nuporo 6e3 oOMexeHHs 3araibHOCTI Bacuiab XOAUTh y NiBUN BEPXHIil KyT
(4). Hani Ilerpuxk X0oauTh y MpaBUil CTOBITYMK, Michs 4oro Bacwib BiAnoBinae B HboMy 1 [leTpuk poOuThH
OCTaHHIN XiJ{ TaK caMo y IPaBHil CTOBITYHK 1 IEpeMarae.



9

OcranHiil BUMAZOK KOJIM M, N — HEMApHI Ta NpUHANMHI OJlHE 3 HUX HE MEHIIe 3a 5. byaeMo BBaxkaTH, 1110
KUIBKICTh CTOBIYMKIB 1 = 5. IleTpuk Oyae KOXHHM CBOIM XOJOM CTaBUTH CBOIX HIIIAKIB B IEHTPAIbHHUNA
CTOBITUHUK, JTOKH I1e MOKJIMBO. [1o 3aBepiieHH] TaKMX XOJiB, MU MAaEMO CUTYyaIlito nepexa xoaom [lerpuka. Ha
JOMIII yC1 IMIIIaK| CTOSATh y TPbOX LIEHTPAIBHUX CTOBIMUYMKAX, TOOTO JBa KpakHi TOYHO mopoxHi. Kpim Toro
Ha JIOMIII BWICTABJICHA MapHA KUTBKICTH IMINIAKIB. 3arajgbHa KUIBKICTH TOJIB HA JIOIIII HEMapHa, ToMy abo
001acTh MPaBOPYY Bil LEHTPAIBHOTO CTOBITYHKA, a00 JiBopyd [leTpuk Hamasi. Bif HOTO MICTUTH HETAPHY
KUTBKICTh IMOPOXKHIX MOJIIB (HANIPHUKIIAA, TpaBopyd). Came B 110 YaCTHHY JOIIKH i Xonutume [leTpuk Haxai.
Bacwiie Ma€e BiamoBigaTu Tak caMo B IIii YaCTHHI JOIIKH, 00 IEHTPAIbHUI CTOBITUYUK BXKE 3aIIOBHEHUH, TOMY
CYCi/IH1 1TOJIA 3 TIOJIeM, Kyiu cxoauB [leTpuk, po3TamoBaHi mpaBopyd BijJ] IEHTPAILHOTO CTOBITYUKA. OCKUTBKU
MIPaBOPYyY HEMapHa KUTBKICTh MOPOXKHIX MOJTIB Tiepe] XoA0M [leTpuka, To 0CTaHHBOTO TiIIaKa TTOCTABUTH TYIN
came BiH, 1 Ha 11e¥l X171 Bacuip He MaTuMe BiINOBIAL 1 Tporpae, 60 1ie Oyae Kyna BUIbHUX MOJIB JIIBOPYY BiJ
[EHTPAIIEHOTO CTOBITYHKA.

10 kmac

1. Yu icHye KBagpaTHUN TPUWICH ax2 + bx + ¢ 3 niIMMU HemapHUMU Koedirientamu a, b, c,

SIKUWA Ma€ OJTHUM 3 KOPEHIB YHCIIO 207'7
Bionosios: He icHye.

Po3¢’azanns. Tlpunyctumo, o Taka napadona ax? + bx + ¢ icHye i Ma€ KOpeHeM YHCII0 % TOMI
a
—0 o 2022b + 20222¢ = 0.
20222 T 20227 ¢ at + ¢

3BiCH YHCIIO @ Ma€ OyTH MMAPHUM, OJICpKaHa CYIEePEUHICTh 3aBEPIIYE IOBEICHHS.

2. 3a/aHi 2n MomnapHoO Pi3HUX HATYpaIbHUX YKcell. SIKy HAaO Iy KUTBKICTD Tap 3 IIUX YK CE
MOJKHA TapaHTOBAHO BHOpATH Tak, 00 KOXHE YHCIIO Oyiio He OUIbIle HiXK B OJHIN napl iB

KOKHIN Tapi cyma gucelt Oyia CKJIaJeHuM YUCIoM? wl
(Aumon Tpuey6) [

Bionogios: n — 1. | | T
Po3é’azanna. Hexaii py, p,, ..., Pan—1 — JOBUIbHI IONIAPHO PI3HI
npocti yucna Oubini 3a 2. Toxi mns Hadopy (1,p; — 1,0, —
1,...,p2n—1 — 1) He MoxxHa BuOpaTu n nap, 60 *KOJHE YUCIIO HE
MO>KHA ITOCTABUTH B Mapy 3 YUCIOM 1. B
3 iHmoro 60Ky, MU 3aBXAU MOXKeMO c(hOpMyBaTH NMPUHANMHI

n — 1 mapy 3 uucen ogHOI mapHOCTi. B KOXHIl Takiil mapi cyma

Oy/ie mapHOIO 1 HE MEHIIOKO 32 4, a OTXKE CKIIAJICHOIO.

3. Hexait P — Touka mepeTuHy JiaroHajieil BIIMCAHOTO
yotupukytauka ABCD. Onwucani kona AAPD ta ABPC D
nepeTuHaroTh npsiMmy AB y Toukax E Ta F BiAMOBimHO.
Q ta R — mpoexkmii Touku P Ha mpsmi FC ta DE. Ok
Hosenits, mo AB||QR.

(Muxauino IlImanoenxo)

Po3é’azanna. Iloznaunmo uepes d (Z, XY') — BiacTaHb BiJ TOUKU E
Z o nipssimoi X. 3 pIBHOCTI BOMCAaHUX KYTiB MaeMo, 1o (puc. 6)
LPEB = 2ADB = £ACB = £PFA = PE = PF. Prc. 6
Binpmie Toro,
2EDP = £BAP = £BDC = £FCP = £PBA = 24DCP,
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Tomy P € Toukoro neperuny Oicekrpuc £EDC ta £DCF, 3ginku d(P,DE) = d(P,DC) = d(P, CF), 3Binku
PQ = PR. Toni AEPQ = AEPR sk npsIMOKYTHI 3 pIBHUMH KaTeTaMH, TOMY MaeMo piBHICTb ZQPE = £RPF,
a 1e o3Havae, mo Oicektpucu LEPF 1a £QPR cniBniagaiots, npote ockitbku PE = PF ta QP = PR, To 1i
OiCEeKTpHUCH € CepeIMHHUMHU nepreHaukyasipamu 10 EF Ta QR BianmoBiaHO, 3Binku i BuTikae, mo EQRF —
piBHOOIYHA Tpaneris, a tomy i QR||EF, mo i Tpeda Oyiio 10BeCTH.

4. JIns MOBUTbHUX HEB1J’ €MHUX YHCEN X Ta Y JIOBENITh HEPIBHICTh:
x?y? + x%y + xy? < xty + x + y*.

Po3é’azanna. Slxmo x = 0 abo y = 0, To HepiBHicTh oueBuaHa. Hexaif Tenep x,y > 0. Pozginumo miBy i

IIpaBy YaCTUHHU MTOYATKOBOI HEPIBHOCTI Ha XYy. OTpuMaemo:
3

1y
xy+x+y<x3+—+—
y X
3acTocyeMo B1IOMY HEPIBHICTb, 1110 € HacaigkoM HepiBHocTi Komri-IlIBapua:
af_l_a%_l_ ap _(a+a;++ay)?
b1 b2 le o b1+b2++bn
1 y* _ (x®)? 1? 22 P+ 14+y%)?  (x+y+axy)?
x3+—+y—2u+—+(3/) > TR Y2y =xy+x+y,
y X x y xy x+y+xy x+y+xy

10 ¥ 3aBEpIIYy€E JOBEICHHS.

5.V nmiBifi-HWKHIH KyToBi# KimiTrHIl 1 X 1 gomku m X n (m,n =3) cToith 4opHa (dimika, a B
JBIM-BEpXHIN Ta MpaBil-HUKHIN KIITHHKAX CTOSATh OuTl (imku. IleTpuk 3a oguH Xin aBivi
MOCTILIb TIepECyBa€e YOpHY (PIIIKY y CYCIIHIO 110 CTOPOHI KJIITUHKY, a Bacuiib Moxke abo ogHy
3 O61uX (PIIoOK JBIYI MOCTLUTL MEPECYHYTH HA CYCIJIHIO TI0 CTOPOHI KIIITUHKY, a00 KOXKHY 3
JBOX OLTHX (HIIIOK OKPEMO MEPECYHYTH Ha CYCIIHIO 32 CTOPOHOIO KIIITUHKY. DIIIKK HE MOKHA
CTAaBUTH Ha TIOJIS, B IKUX BXKe MoOyBaia (ilka iHIIOTo KoJIbopy. Bacunb nepemarae, Ko y
NIEBHUM MOMEHT 4epe3 CKIHYCHHY KUIbKICTh XOIB OOMABI OiTl (PIIIKM OMUHSATHCS B OJHIN
kiithHl. Skno Bacwnes mparme mepemortd, a IleTpuk mparHe He gath oMy Takoi
MOJKITUBOCTI, TO 3a SIKHX YMOB Ha m Ta n nepemarae Bacuinp?

(Apceniti Hikonaes)

Bionogids: 51110 m Ta n MaroTh OJJHAKOBY IAPHICTh, TO IepeMarae Bacwuip, iHakme — [letpuk.
Po36’saz3anna. be3 oOMexXeHHs 3arajlbHOCTI BBOKaTHMEMO, IO KUIBKICTh PSAJKIB HE OLIbIIA 3a KUIBKICTH
CTOBITYMKIB, TOOTO M < n 3aHyMepyeMO pPsJAKM 3HU3Y JAOropu uuciamu 1,2,..,m, a CTOBNYHMKH 3JiBa
Hampaso — 1, 2, ..., n, TOJIi KO’KHa KIIITHHKA Ma€ JIBi KOOPAWHATH — HOMEP psjiKa Ta croBmyrka. Dimky, mo Ha
MOYaTKy y JiBi-BepXHil KoMmipii (KIiTHHII) Ta Mae koopauHatu (1,m) mo3naunMo A, Apyry ¢imky — 3
koMipku (n, 1) —gepe3 b.

[ToxaxxeMo, 1110 SIKIIIO M Ta N MAlOTh OJHAKOBY NapHICTh, TO Bacuib Mae mepeMoskHy CTpaTeriio.
Bacwib Moe JIATH TaKUM YMHOM: - (n — m) pa3iB BiH X0AUTh (ilIKOIO A JBiYl MocHibs npaBopyd. Ilicis

1poro JiBi Ou11 ¢imku OyayTh pO3TALIOBAaHI y MPOTWIEKHHUX KyTax kBajapary m X m. Ilicig mporo BiH
KOKHHUM X0JI0M poOuTh 1 X171 ¢imkoro A npaBopyd, a gimkoro b — 1 kpok Haropy. [lokaxemo, 1110 B IbOMY
BUMAAKY OUTl (IIKM MOTPAIUIATH B OJHE MOJE 3 KOOpAMHaTamu (m,n), TOOTO YopHa (Qilka HE 3MOXKe
3aBaUTH 1bOMY. 7 OO MOKa)XeMo, 110 YOopHa (hilllKa HIKOJIM HE 3MOXKE JICTaTHCS KOAHOI KIITHHH
BEPXHBOTO PsiJIka a0 MPaBOro CTOBIMTYMKA. MeT0I0M BiJ CYIPOTUBHOTO, MPUITYCTHUMO, 1110 1€ HE TaK.

Bunanok 1. YopHa ¢inka gictanacst BepXHboro psaka. Pimka A Ha el MOMEHT 3poOuia X MoABIHHUX Ta Y
onuHapHUX Xo/iB. To/i yopHa ¢imka 3a e yac 3poouna (x + y + 1) xia, KOXKHUH 3 IKUX — 11e IepeCcyBaHHS
¢k Ha 2 CyciiHI KIITUHKU. TakuM YUHOM cyMa il KOOpJMHAT Morja 0 3MIHUTHCS HalOubiie Ha 2(x +
y + 1). Ockinpky BOHa MOTpanuia y BEpXHIA PslOK, TO IMepiia KOMIOHEHTa ii KIITMHH m, TOMY BOHA
3HAXOJUTHLCS Y CTOBITYKKY 3 HOMepoM He Oimbiie 2(x + y + 1) —m. V cBoro uepry ¢imika A 3HAXOAUTHCS
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TaKOX y BEPXHBOMY PSAIKY Y CTOBIYHKY 3 HOMepoMm 1 + 2x + y. 3a npunymenssm ¢imka A mMae cToaTu
niBime 4opHoi ¢imku, iHakme O uopHa ¢imka nopymrwia O ymMoBH 3agadi. TakuM YHHOM Maja
CIPaBIKYBATUCS HEPIBHICTD:
1+2x+y<2(x+y+1)-m=y+1>m.

AJte 1151 HEepIBHICTh O3HAYae, Mo ¢inrka A BKe 3HAXOAUTHCS y IPABOM BEPXHBOMY KYT1 IOIIKH, TOOTO YOpHA
¢imka He Moxe OyTH mpaBimie Bix Hel. OpepikaHa CylepeyHiCTh 3aBepIIye MEPUINi BUTIAIOK.

Bunanox 2. Yopna ¢inika nictanacs npasoro psiika. Hexait Ha neit
MOMEHT BOHa 3poOmna k moasiiHux xoxaiB. Toxi cyma KoopanHAT
4opHOi (imku ctama 6 mMakcumym 2 + 2k, mpudomy, OCKUTBKH AlO
yopHa (ilIKa 3HAXOIUTHCS Yy MPABOMY CTOBIYHMKY, TO ii mepria
KoopauHaTa AopiBHIOE . Tomy HOMep 11 psiika He Outblie 3a 2 +

2k — n. Ilopaxyemo B sikoMy psinky 3HaxoauThest B. Ilepmri % (n— ®

m) xoxiB ¢gimka b He pyxamacs, a pemry 2k — % (n —m) xoxis o)

BOHA XO0JIMJIa Ha OJJHY KIITUHKY Haropy. ToO6To HoMep ii panka 1 +

1 .
2k — > (n —m). 3a npunymenusm Qimka b mae 3HaxoAMTHCS Y

pAOKY 3 MEHIIMM HOMEpOM, HDK 4opHa @¢imka. Tomy Mae
CIPaB/PKYBATHCS TaKa HEPIBHICTD:

1 1
242k—-n>142k—=(n—m)=>1>=-(n+m),
2( ) 2( ) Puc. 7

10 HEMOJKJTUBO.
Takum yHOM 3a OyIb-IKMX YMOB OuTi (PIIKK 3yCTPIHYThCS B KYTOBIM KJIITHHI AOUIKHK 1 Bacuib nepemarae.

Tenep mokaxemo, 10 SKIIO0 M Ta N MAaOTh PI3HY MAPHICTh, TO [IeTpUK Mae mepeMoKHY CTpaTeriio.
[Tepmum xo/10M BiH TIepecyBae 4YopHY (IlIKy Ha OJHY KJIITUHKY Haropy Ta Ha oJiHy mpaBopyd. Jlami BiH mie
3a TaKUM aJTOPUTMOM, ITOKH II€ MOJKJIMBO: SKIO Bacwuibs xoauTs ABiui mocnitk ¢imkoio A (B), To ITerpux
pyxae 4opHy GIIIKy Ha JB1 KJIITHHKH MpaBopyd (Haropy); skmo Bacuib pyxae KoXHY 13 CBOiX (immIok, To
[TeTpuk poOHUTH OJTMH XiJT HATOPY 1 OJTUH TTPABOPYH.

Jlema. Anroputm xoniB [lerpuka Mae Taki BIaCTHBOCTI:

Axo Iletpuk Moke 3poOMTH YEproBUH Xil, TO IMICIsA IIBOTO XOAY YopHa ¢iika 3aBxau Oyjae mpasimie 3a
¢bimKky A 1Mo CTOBIMYMKAX Ta BUIIE 3a (GimKy b 1o psaakax, mpu 1iboMy Ha Tild YaCTHHI AOMIKH (Tpasimie Bix A
Ta BuIIe 3a b) 6111 ¢inku me He poduIn Xo1u;

[Terpuk He MOKe 3pOOHTH Xifl Y BIAMOBIAHOCTI IO aITOPUTMY JIMIIIE 32 YMOB, 1110 YOpHA (illIKa T0CATIa Kparo
Jo1KH 260 611 (QIMIKU CTOATH Y CYCIIHIX KIITUHAX HAJl HEIO Ta MPaBOpPyY.

Jloseoenns nemu. IlpoBenemo nosenenns MMI. Ilicns mepimroro

xony Bce oueBugHo. Hexait Iletpuk 3poOuB k mOABIHUX XOIB.

SAxmo Bacwib poOuth ofHier0 (imkoro moaBidHuiA Xin (puc. 7), To
[TeTpux Mosxe 3pOOUTH aHATIOTTYHUM X[, TP I[LOMY BiH HE MIEPETHE

>
TPaeKTOPIIO 3k0/1HO1 3 6UMuX (imok. Hanpukian, 6yB xix ¢imkoro b AP
Ha Bl KIIITUHKHU Haropy, ToAi y [leTpuka Hemae nepeTuny 3 (imkoro ‘

b, 60 BiH Tak caM0 XOJUTh HArOpy ajie B IHIIOMY CTOBITYMKY TaMm, 1€ d)

111e He XOIuIn Ouni (ilIKy, Ta He epeTHe TpaekTopito Gimku A, 60
BOHa JIiBimIe. SIKI10 KOXHA 3 (HIIOK poOUTH MO OTHOMY X0y, TO a00

BOHM OOMJIB1 ONTUHATHCA B CYCIAHIX 3 YOPHOIO (DILIIKOIO KIIITUHKAX,

a0o y mpuHaiiMHi onHa Oyzae BiACTOSATH Bif 4opHOi ¢imku. Toxi

[Terpuk pobutk xin 3a anroput™MoM (puc. 8). Jlerko 3po3ymirtH, mo

nicnst (k + 1)-ro xoxy 30epiraerbcs 3a3HayeHa B YMOBI CHTYallid,
TOMY JlemMa 008e0eHd. Puc. 8

3a wmiel nemu, gxmo IleTpuk nocar Kparo JOUIKH, TO BiH PO3JLINB

TpaekTOpii OUIMX (IIIOK CBOEIO TPAEKTOPI€r0, 1 OUTl (IMIKM HIKOJIM HE ONMUHATHCS B OMAHIN KIITHHIIL.
[TokaxeMo, 1O CHUTYyalis, KOJU 0oOMABI Oull (iIKK MOpyd 3 YOPHOIO — He MokimBa. llapHicTe cymu
KOOpAMHAT OUTuX (ilIOK MIHYC KOOPJMHATH YOPHOI (IIIKK € IHBApiaHTOM IICIs X0y KOKHOTO 3 TPaBIIiB.
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[Ticnst xoy a60 Bi KOOpIUHATH 3MIHIOIOTHCS HA 1, a00 0/1HA 3 KOOPAMHAT 3MIHIOEThCS Ha 2. Ha mouaTky rpu
Ma€eMoO TaKe 3HAUCHHS BIAMOBITHOTO IHBAPIAHTY:

(A+n)+@+m)—(1+1))=(m+n)=1(mod2).
VY curyarii, konu OuTi QiKY 3a3HAYEHUM YHMHOM OTOYYIOTh YOPHY, TOOTO yopHa Mae koopaunatu (k, 1), a
o111 pimku Bigmosiguo (k,l + 1) ta (k + 1,1), i MaeMo Take 3HA4YEHHS IHBapiaHTY:

(k+1+D+(k+1+1)—(k+1))=0(mod?2).

Sk 6aurMMO MU OJIep)KaM CYIEpPEUHICTh, SKa MOKa3ye, 10 Taka CUTYyallis MpHu 3aJaHux (m,n) He MOXKJIHBA,
110 ¥ 3aBEpIILyE JOBEACHHS 1 IPYroro BUMAJIKY.

4.1. lna nogaTHUX yucen a, b, ¢, 1o 3aI0BOJLHSAIOTE YMOBY: ab + bc + ca = 1, noBenirs,
110 CIIPABIKY€ETHCS HepiBHiCTBI

(Vbe +——) (Vea + ———) - (Vab + ———) = 8abc.

2a+\/_

Po36’a3anna. 3 yMOBY 3a71a41 BUTUTUBAE, 1110
1 ab+bc+ca_bc+a(b+c) bc + 2avbc

2a +Vbc  2a++bc  2a++bc  2a++bc

3BIJKH BUILIMBAC, 1110

2b+\/a 2c+\/_

= bc,

Vb + == 2Vbc.
SIKIo BUIIMCATH I11€ AB1 aHAJIOTI4H1 HepiBHOCTl
\/ca+ — > 2+/ca,Va + _2 2Va

Ta MEPEMHOXKHUTH X, TO OJCPKUMO 6a>KaHy HEPIBHICTb.

5.1. V niBili-umwxkHiM kyToBi# kmiTuHIl 1 X 1 momku 2022 X 2023 croiTe yopHa (dimka, a B
JiBIM-BEpXHIN Ta MpaBili-HUKHIA KIITHHKAX CTOSATh Ounl (pimku. IleTpuk 3a oauH Xim ABidi
MOCTILIh TIEpeCyBa€e YOpHY (DIIIKy y CYCIIHIO IO CTOPOHI KJIITHHKY, a Bacuias Moxe ab0 ogHy
3 O01MX (PImoK ABIYI MOCHLIL MEPECYHYTH HA CYCIJIHIO 1O CTOPOHI KIIITUHKY, a00 KOXHY 3
JBOX O1LTHX (HIIIOK OKPEMO MEPECYHYTH Ha CYCIJTHIO 32 CTOPOHOIO KITITHHKY. DKM HE MOYKHA
CTAaBUTH Ha TIOJIS, B IKUX BXKe MoOyBajia (imka iHIIOTo KoJIbopy. Bacuib nepemarae, Ko y
MEBHUI MOMEHT 4epe3 CKIHYEHHY KUIbKICTh XOMiB OOWABI OUTi (illIKM OMHUHSITHCS B OAHIN
kiituHIi. JloBenits, mo npu npaBuibHil Tpi [leTpuka Bacunb nepeMortu He 3MoOKe.

(Apceniti Hixonaes)

Mueuce posze’azannsn 3adaui 10-5.

11 knmac

1. Yuurenp HammcaB Ha gomili 5 momapHo pizHux umcen. Ilicas nporo Iletpuk mopaxyBas
CyMH KOKHHX JIBOX 13 IIUX YKCEJI 1 BUMHCAB iX Ha JIIBii IMOJOBHHI JOMKH, Bacuib 3poOuB Te
XK caMe Il CyM KOXKHO1 TPiMiKKM 4yucen Ta 3amucaB iX Ha IpaBid MOJIOBHHI AOWIKK (Cyma
[lerpukom Ta Bacunem 3anucyeTbesi CTUIBKM pa3iB, CKUIbKU pa3iB BOHA Oyia oTpumana). Yu
MIr BUATEJh 3aMKCaTH TaKl YKMCIa, 00 Ha JIBIM Ta IMpaBiil MOJOBUHI JOIIKA OyiIM 3amucaHi
OJIHAKOB1 HA0OPH YKCEll, 3 ypPaXyBaHHSIM KUIBKOCTI pa3iB, CKUIbKM BOHU TaM 3aMucaHi’?

Bionoegios: Taxk.
Po3¢’azanna. JloctaTHbo, 100 BUUTENH 3amucaB Taki yucna: —2, —1, 0, 1, 2. Jlani moxkHa abo 6e3mocepeiHbo
Bunucatu Ti 10 umcen, mo manu 3anucatu Ilerpuk Ta Bacuib. A MokHa 3acTocyBaTu il Taki MipKyBaHHS.
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JUist KOXKHUX JIBOX YMCeN, HApuKian, a, b, mo obupae Ilerpuk, 3 oxgHOro 60Ky icHYIOTH JBa uncna (—a, —b),
[0 MAIOTh MPOTHJICKHI 3HAKH, a 3 IHIIOro 00Ky Bacmib o0upaB B SIKOCTI OJHIET 3 TPIHOK YMCEN yci ymcia
OKpiM a, b. Bonu Tak camo MaroTh cyMy (—a — b), 60 cyma ycix I’ sITH YMCeN IOPIBHIOE HyeBi. TakuM YMHOM
BCTaHOBJICHA BiJIOBIIHICTh MDK YMCIIAMH, 110 3allMCaHi HA JIBif Ta MpaBiii MOJOBUHAX JOIIKH.

2. 3amgaya 10.2.

3. B roctpokytHOMy TpukyTHUKY ABC TOouku H 1 O € TOYKaMH MEPETHHY BUCOT 1 HEHTPOM
onucaHoro kona BignoBiaHo. IIpsma HO mnepernyna croponu AB 1 AC B Toukax X 1Y
BIMOBIAHO, TpUUOMYy Touka H Hanexuth Biapi3ky OX. Bussunocs, mo XH = HO = OY.
3Haii1iTh TpayaycHy mipy £BAC.

(Onexciti Macanimin)

AN
Bionosiow: .BAC = 60°. / '\,

Po36’azanna. Y po3p’s3aHHI 1€l 3amadi  Oyaemo / AN

KOPUCTYBAaTHCh  BiTOMHUM  (GakToM: Yy  JOBUIBHOMY / N\He
TPUKYTHUKY BiJICTAaHb BiJl BEPIIUHH 10 TOYKH TMEPETHUHY O # /" \Us

BHCOT y/Bidi GifbINa 3a BiICTAaHb Bil IIEHTPA ONMCAHOTO Hl <& /. _{

KOJIa JI0 TIPOTHIIEKHOT CTOPOHH. _!;-a::__/_{i,__f____: 0 \
[To3naunmo uepes Oy Ta Hy — OCHOBH IEPIIEHAUKYIAPIB, 110 Xf— T \\\
omyieHi 3 Touok O ta H BignosinHO Ha npsmy AC, TOUKH f// _""'--—m_%_____\
O, Tta H, BuW3Ha4alOThCs aHajoriuno (puc. 2). 3i B e
chopmynsoBaHoro (akty maemo, mo 1a BH = 2005 Ta

CH = 200.. Takox nomitumo, mo OO0g||HHg Ta HO = 0Y, a Tomy O0Op — cepenns miHis Puc. 9

AYHHg, 3Binku HHy = 2005 = BH. Aunanoriudo HH; € cepenHbOIO JIHIEI TPUKYTHUKA
AXO0Oc, 3Binku HH, = %OOC = %CH . Ockinbku 4oTUpUKYTHUK BH-HpC € BucaHum, TO
BH-HHgz = CH -HH,, 3Binku BH? = 4HH5, 3Binku BH = 2HH., a 3nHaunuth £ZHBH: = 30°. 3Biacu
3po3ymiio, mo £BAC = 60°, o i Tpeda Oyiio 3HANTH.

(n-1)

n . .
4. Jlano n = 4 nomaTHUX 4uced. BUsSBHIOCH, 1110 S TONapHux TOOYTKIB 13 IIMX YHCEN Y

SIKOMYCH TIOPSIIKY YTBOPIOIOTH apu(pMETUUHY IIporpecito. JloBeaiTh, 110 BCi YKclia PiBHI.
(Aumon Tpuey6)

Po36’azanna: Slkuo sikich ABa JOOYTKU PiBHI, TO BCi JOOYTKH PiBHI, @ TOMY 1 BCl yucia piBHI. SIKIIO SKICh
JIBa YKcya piBHI, TO AKICh JBa JOOYTKU PiBHI, OTXeE 1 BC1 YMCIa PiBHI.

Tenep posrasinemo 4 Han6bI yncna a < b < ¢ < d. Haltbunbii 18a no6ytku — ue cd, bd. Toxi pizHuis
nporpecii — ue cd — bd. Toni mu maemo, o ac — ab = a(c — b) < d(c — b), T0OTO PIBHUIIST MK IKUMHCH
JBOMa 4YJICHaMH ITPOrpecii MEHIIA 33 PI3HUIIO IPOrpecii, 0 HEMOXKJIMBO.

5. JI7ist sIKoTO MIHIMAJIBHOTO HATYPATBHOTO N KBAAPAT MOXKHA PO3Pi3aTh HAa 21 KBAJAPATIB JBOX
PI3HHUX PO3MIPIB: N KBaJpaTiB OJTHOTO PO3MIPY Ta III€ N — IHIIOTO PO3MIPY?
(bozoar Pyb6i1v08)

Bionogios: n = 9.
Po3é’azanna. llpuknan po3ourTs Ha 2n = 18 mykaHux kBajapariB HaBegeMo Ha puc. 10.

[Mpunyctumo, mo icHye mpukian s n < 8. [lo3HaunMo CTOpOHM NUX KBaJApaTiB SIK @,b, a BEITUKOTO
kBagpata — N. JloBenemo crepiy, mo N MoKHa MPeACTaBUTH B BUTIsiAL ka + bl, ne k,l < n, npuHaiiMHi
JIBOMa CII0OCO0aMHU.
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OdeBuaHO, IO PUHAKMHI OJIHE TaKe MpelCcTaBiIeHHS Mae icHyBaTu. Hexait N = kia + [, b, Toni Oynb-ska
BEPTHUKAJIbHA/TOPU30HTAIbHA TIPSIMA, 1110 HE MTPOXOAUTH 10 CTOPOHI KOJIHOTO KBajpaTa, epeTUHAe PiBHO kq

KBaJ[paTiB 31 CTOPOHOIO a Ta PiBHO Kk, KBaJpaTiB 31 CTOPOHOIO b.

Bubepemo nesike x i mpoBeAeMO BEepTHKAIBHI TIPsSMi Ha BIACTaHi X, X +

a,x + 2a, ... BiI JiBOi CTOPOHH BEJIMKOTO KBajapara (IIpH MOMY X Mae

OyTH TaKWM, IO >KOJHA 3 IHUX JIHIA HE MPOXOJUTH Yepe3 JKOJIHY 31

cropin). KoxHa 3 nux JiHiA, IO TEPETHHAIOTh BEIWKHUW KBAJIpar,

MPOXOANTH PIBHO 4epe3 Kk, KBAApaTiB 31 CTOPOHOIO A, a TOMY KBajpaT

n [EER:
TEPETHHAKOTH -~ JIHIH Jyist Oyzb-sIKOTO BHOOPY X, aje TaKe MOXJIUBO
1

. n . n
JIMIIIE B TOMY pa3l, skmo N = . Amnanoriybo, N = ar-. Ane och MU
1 1

1 OTpUMaJIu JBa pi3Hi peacTaBieHHs N, CyNepeyHiCTh.

Temnep, koM MU 3HaEMO, IO TakKi K, | iCHYIOTh, MOKEMO MacIITa0yBaTh Puc. 10
KapTUHKY 1 okyacti a = [, b = k nna nesxux [, k < n. Orox, Hamami
BBaxkaemo, mo / < a,b < n,a # b, a, b, N HatypaibHi, a Takox (a,b) = 1 (HCJI).

3amumemo ymoBy Ha Tomy: n(a’ + b?) = N°.

[Tpu n = 3,6, 7 e piBHAHHS HE Ma€ PO3B’SI3KY: OCKUIBKH y N € TMPOCTUHN TUTBHUK BUTISINY p = 4k — I, TO
N? i p, tomyi (a’ + b?) i p, 3Binku i a it b MaroTh AinuTHCH Ha P, ane ix HCJI nopiHioe 1.

[Tpu n = 1, 2 Mmoxkemo mpocTo niepedpartu Bei mapu (a, b) 1Mo 3aJ0BOBHSIOTH BCl YMOBH BUIIE 1 TEPEBIPUTH,
mo Ui skoHoi 3 Hux n(a’ + b?) He € TOUHUM KBAJPATOM.

[Tpu n = 4 equna Taka napa — (a, b) = (3,4). Toni N = 10, ane 10 MoxHA IpeACTaBUTH B BUTIsAAL 3a + 4b
€TMHUM YHMHOM, TOMY IIsl Iapa He MiJIXOIUTh.

IIpu n = 5 enuna taka mapa — (a,b) = (1,2), Toni N =5, ane 3 kBajgpata 5 X 5 He MOXHa BHpi3aTH 5
KBaJpariB 2 X 2, 00 KOXKEH 3 HUX MICTUTh MPUHANRMHI ofHY 3 KiIiTHH (2,2), (2,4), (4, 2), (4,4).

[Ipu n = 8 eauna taka mapa — (1,7), toni N = 20, ane 3 kBajgpara 20 X 20 He MO)KHA BUpi3aTH 8 KBaIpaTiB
7 X 7, 00 KOXEH 3 HUX MICTUTh NpUHaiMHi oany 3 kiituH (7,7),(7,14),(14,7), (14,14).

Anvmepnamuene po3e’azanna. bynemo BBaXaTH, 1110 8euKull KBaapaT po30UTHI OTPIOHUM YMHOM Ha 21,
n < 8 kBaJpariB JBOX pO3MIpiB (po3Mip — 10BKMHA cTOpoHH). [To3Haunmo Ti po3mipu uepes a ta b, a > b, a
CTOpPOHY BEJIMKOTO KBajpara rno3Haunumo yepe3 N. Y nojganbuiomy, SKIO MU KaXeMo, 1110 IpsiMa IepeTHHae
MIEeBHI KBaJIpaTH, TO 1ie a00 BepTHUKaJIbHA, 800 TOPU30HTAIbHA MIPsIMA.

Jlema. Bynb-sKi ABa KBaJpaTH 31 CTOPOHOIO @ MPHUHAWMHI IO OAHOMY 3 HAaIpsMIB — [0 TOPU30HTAIIL YU IO
BEPTHUKAJIl — CyMapHO Ma€ JIOBKUHY HE MEHIIIE HIK 2d.

Tenep PO3rIIAHEMO I[CKiJ'IBKa TaKuX BI/IHa,Z[KiB.

1 Bunagok. Skmo N < 2a, To nokaxemo, mo n = 1. JliiicHo, Ko n = 2 Ta icHye npsMa, [0 NepeTuHae
MpUHAMMHI JBa Taki KBajapatu, T0 N = 2a — CylnepeuHicTh. SIKIO TaKuxX MpsIMUX HE ICHY€E, TO PO3TIISTHEMO
BEPTUKAIbHI MPOEKI[il yCciX TaKUX KBaJpaTiB Ha TOPU3OHTANBHY mpsMy. KokHUN KBaapar nae JDOBKUHY
MPOEKIIii HE MEHIIIE @, BOHU HE MEPETUHAIOTHCS, TOMY CYMapHO iXHs JOBKHMHA CKJIaJla€ HE MEHIe HiX 24,
3B1IKK 3HOBY N = 2a. Ajne 04eBUIHO, 0 N = 1 HEMOKJIMBUH.

2 pumanok. SAxmo N < 3a, To mokaxemo, mo n < 4. JlilicHo, K0 n = 5 Ta icHye mpsiMa, 10 MEePETUHAE
NpUHANUMHI TpU Taki kBajgpatu, To N = 3a — cynepeyHicTb. SIKII0 TakuX NpSIMUX HE ICHYE, TO PO3IISTHEMO
BEPTUKAJIBHI MPOEKLIi YCIX TaKWX KBaJApaTiB Ha TOPU3OHTAIBHY NpsAMy. Yci kBaapatu abo okpemo, abo
PO30MBaIOTHCS HA MapH, 110 MAIOTh JOBXHUHY MPOEKIii HE MEHIIIE a Ta Ii MPOEeKIIii He MePEeTUHAIOTHCS, TOMY
CyMapHO iXHsI JOBKMHA CKJIaJIa€ He MeHIle HiX 3a, 60 kBaapariB He MeHIe 5. 3Biaku 3HoBYy N > 3a.

Posrnsuemo Bumanok 2a < N < 3a, tan < 4. OueBuaHo, mo N = 2a HemoxnuBuid. [loainumo ioro Ha 4
KBaJpaTH 31 CTOpoHOW a. Tomi 2 —4 kBaapaTH 31 CTOPOHOIO G MArOTh 3alHATH IIi KBagpatu. Pemry
3aIOBHUTHU TaKOIO CaMOI0 KUIBKICTIO KBaJpaTiB 31 CTOPOHOIO b, 04eBUHO, 1110 He MOXIMBO. [lpu 2a < N <
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3a icHye BepTHUKaJIbHA TIPsIMa, 110 TIEPETUHAE PIBHO 2 KBAJIpaTH 31 CTOPOHOIO . bilbiie He MOXe, a MEHIIIE —
TOJIi CyMapHO IIi PpoeKIii MaTuMyTh noBxuHy 5a. Toxi N = 2a + kb, ne k € N. 3Bincu

4a? + 4b%? = na® + nb? = N? = (2a + kb)? = 4a? + 4kab + b* & 3b? = 4kab & 3b = 4ka
— CYNEPEYHICTh.

3 sunanok. Hexait tenep N > 3a. Toxui n = 5, ockinbku 2na? = na? + nb? = N? > (3a) = 9a?. Sxmo
N =3a+kb,nek €N, 10
8a? + 8b% = na%? + nb?> = N? = (3a+ kb)? = (3a+ b)?> =9a? + 6ab + b?* &
7b* = a® + 6ab > 7b>.
Takum ynHOM N = 3a + ¢, 1e 0 < ¢ < b. IcHye BepTUKaibHa MpsMa, IO NEPETUHAE PIBHO 2 KBaJIpaTH 3i
CTOpoHOIO a. [Hakmie Toi TakuX KBaapaTiB He MeHie 9. Ane toni N = 2a + kb.
SIkmio icHye BepTHUKaJIbHA MpsiMa, 10 MepeTUHae 3 KBaJApaTH 31 CTOPOHOIO a, TO MaTUMeMo, 1o € = 0. Ane
TOMI
N =3a =2a+ kb= a = kb. Toni 8a? + 8b?> = N? = (3a)? = 9a%? = 8b? = a? = k?b? = 8b%? = a® =
k?b? > k? < 8>k =2rtaa = 2b.
Ane toni na? + nb? = 5nb? = N? = 36b? — cynepeuHicThb, OCKIIEKH 1. HE IIiIeE.
Sxio He iCHye MPsAMO1i, M0 MepeTHHaAe 3 KBAAPATH 31 CTOPOHOIO @, TO ICHYE MpsiMa, 110 TepeTHHAE piBHO 1
KBajpaT 3i cTopoHoro a. Ane Toni N =2a+kb=a+1lb=3a+c=>a=mbrtaKb=Mb+ = ¢ =S5b,
3BIJIKHM BUILIUBAE, 0 a00 € = 0, a6o € = b. KoxkHMIA 3 HUX BKE PO3TIITHYTHH Ta IIPUBOINTH JIO CYIIEPEUHOCTI.

VYci BUNajKu po3rJIHyTI, IO ¥ 3aBepIIye TOBEIACHHS.

4.1. TlocnimoBHicTh (@,) CKIATAETHCS 3 MOMAPHO PI3HUX HATYypaIbHUX dncell. JIOBeIiTh, 110

JUIS. TOBUTBHOTO HaTypasibHOTO uucia k > 1 MHOxuHa M = {a’f,a’z‘, a’§, } HE MICTUTH

’KOJTHOT HECKIHUEHHO1 apu(pMeTHUHOT ITporpecii.

Po36’a3anna. MeToioM BiJ CYPOTUBHOTO, MPUITYCTHMO, III0 CEPET €IEMEHTIB MHOKHHHN M Taka mporpecis
icaye. ITo3Haunmo ii uepes {b¥, b%, b%, ...}, ne by < b, < by < -+, Togi d — pi3HNLA Li€ei mporpecii, TO6TO 11
KOKHOTO HAaTypalbHOTO N CHPAaBIKYEThCA piBHICTE: bX, ; — bX = r. Toni

7= Dbfyy — b = (bpyr — b)) (BT + bi2b, + -+ 4 by i bE™2 + bET),
Sk nmerko mobaunTH BUpa3 y mpaBiid yacTUHI — HEOOMEXeHui, 60 b, ., = b,, a Ipyruii MHOKHUK HE MEHIIIC
bk71, T06T0 HeckinueHHO 3pocTac. OnepikaHa CYHepeuHiCTh 3aBEpPIIyE JOBEICHHS.

5.1. Ha mpsmokyTHy momky m Xn (m,n = 3) NOKIanu AeKiIbka (ITYpoK JOMIHO
(mpstmokyTHUKH 1 X 2 260 2 X 1) TakuM 9uHOM, 110 (HIrypKH JOMIHO HE HAKJIAJIAFOThCS OJTHA
Ha 1HITY, HE BUXOJSATh 32 MEXI1 JIOMIKU M X N, IPUHANMHI OJTHE KyTOBE TOJIe JOIIKHA MOKPUTE
JIOMIHO Ta OibIIe KOAHOI (DIrypKH TOMIHO HE MOXHA JOKJIACTH Ha JIOMIKY 0€3 MOpYIIeHHS

. o .2 . . . .
OUX IIpaBHJI. HOBGI{ITI), 10 IMPHUHAKMMH1 g B14 YCIX IIOJI1IB JOIIKH 3aIIOBHCHI.

Po3é’azanna. KoxxHOMY MOPOKHBOMY KBaJpaTy MOCTAaBUMO Y BIANOBIAHICTH JOMIHO, 11O PO3TalllOBaHE
6e3nocepeIHbO MPABOPYY Bijl HOTO KBajpaTa (SKIIO0 NOPOXKHIN KBagpaT HE 3HAXOIUTHCS Ha IIPABOMY Kparo
nouku). [IpumycTumo, 1m0 Ba MOPOKHI KBaJIpaTH MPU3HAUEH] OTHOMY 1 TOMY K JIOMIHO, TOJI1 L1 IOMIHO Ma€
OyTu po3MilleHe BepTUKaJIbHO, 1 00MBa KBaJpaTH 3I1iBa BiJ IIOTO JOMIHO MOpOXHi. TOMy B HUX MOXHa
MOMICTUTH III€ OJHE JOMIHO 1 OTPUMYEMO CYIEPEUHICTh 3 YMOBOIO.

OTxe, KO)XKHOMY MOPOXKHbOMY KBaJpaTy, II0 HE pPO3TAIIOBAHMN Ha Kparo, BUINOBITAE OKpeMe JOMIHO.
[Topo>xHIM KBajipaTaM Ha IIPaBOMY Kparo JOIIKH Y BIMOBIIHICTh JOMIHO HE MpU3HaueHe. SIKI10 HaM BIacTbCs
TaK MOCTABUTHU Y BIMOBITHICTD HE 0OpaHi 1€ IOMiHO, TO TBEP/UKEHHS 3a/1aui Oyze JoBeaeHe. Y KOXKHii nmapi
MOPOYKHS KIIITHHKA Ta JOMIHO (irypKaMu AOMIHO 3alHATH 2 KIITHHKH 3 3-X, 11I€ HE paxylouu JOMIHO, IKUM

. . . . o . 2 . . .
HC BIATTIOB1AAOTH IMMOPOIKHI KIIITUHKH, TOOTO 3aUHATUMH JOMIHO HEC MCHIIIC 5 Bl YCIX KJIITHH.

[Tokaxemo, 110 TaKy BiIMOBIAHICTH 3aBX AU MOKHA 3/iiicHuTH. Hexall k — KITbKICTh MOPOXKHIX KBaIpaTiB Ha
IIpaBoOMy Kparo Ta | — aHaJoriyHa KUIbKICTh MOPOXKHIX KBajpaTiB Ha JiBoMY Kpato. [lopoxHi KBagpaTtu Ha
JTIBOMY Kpaio He MOXKYTb OyTH CyMDKHUMH, OTKE, Ha JIIBOMY Kpato € MpuHaiMHi [ — 1 10MiHO, 1 BCi BOHU HE



16

MalOTh HOPOXKHBOTO KBaJ[paTa 311iBa Bi HUX, TOOTO y BIAMIOBIAHICTH A0 MOPOXKHIB KBAJAPATHKIB HE TIOCTABIICHI.
Sxmo | > k, To Ha MiBOMY Kparo T0OCTaTHHO JOMIHO JUTst 6)KaHO1 BIAMOBIAHOCTI VI YCIX MOPOKHIX KBAAPaTIB
Ha npaBoMy Kkpato. ko [ < k, To JOCTaTHRO MEPETOPHYTH JIOWIKY 3 IpaBa HaJIBO 1 3aCTOCYBAaTH TakKi came
MIpKyBaHHSI.

3anumaerbes po3rTHYTH BUNIAAOK [ = k, mpu oMy Ha J1iBOMY Ta IpaBoMy Kpai piBHO 1o k — 1 gomiHoO.
Menme ix Oytu He Moxe, 00 ToAi mopyd OyayTh JBa MOPOXKHI KBAaApaTH, SIKIIO iX OuIbIIe, TO NIyKaHa
BIJIOBIIHICTB JISTKO BCTAHOBIIOETHCS. SIKIO kK TaM piBHO kK — 1 JOMiHO, TO BOHH OyIyTh pPO3TAIIOBaHI MiXk
MOPOKHIMH KBajJ[paTaMH, a II€ O3HAYae, M0 yCi KyTOBI KBaJIPaTUKH € MOpOKHIMH. OniepKaHa CylepedHiCTh
3aBepILy€E JOBEICHHS.



